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Jdgbosgosmo

wbahekb ntmybrbc ufydbsftht,fcsfy [Ifrfdibht,bs
ufycfresht,ek vybidytkj,fc bdtyc ufvjgtyt,bsb flkut,hbc
bctsb vbvfhsekt,t,b, hjughbwff rjlbht,bc stjhbf,
ghfast stjhbf, ,ekbc fkut,ht,b, cfchek fdnjvfnsft
stjhbf. fv cfrbs[t,bcflvb vbdqdybkb cgtwbflkkehb vfstvfnb-
rehb kbnthfnehbc ufwyj,f, vbcb cfaedlkbfyb Bfveifdt,f
IT ufvjgtyt, T ghfmnbrekb cfby;byhj fvjwfyt,bc 1tcofdkf-
ib ufhrdtek vfstvfnbreh vjvpflt,fc vjbs[jdc.

itvjsfdfpt,ekb cf[tkvdqdfytkjc dhbsflb
vbpfébf, thsb v[hbd, ,frfkkfdhbfnbcf If vfubcnhfnehbc
cneltynst vjvpflt,bc bv Ljybc epheydtkkgjaf, hfw
fewbkt, tkbf itvlujvib itcf,fvbcb cgtwbflkcj,bc Ibcwbg-
kbyt,bc itcfcofdkfl If, vtght v[hbd, bv eyfh-xdtdt,bc uf-
vjveifdt,f, hfw cfzbhjf vfstvfnbrehb stjhbek-fkkujhbs-
vekb wj lybc ufvjgtyt,bcfsdbe ghfmnbrekb ctby;byhj fvj-
wfyt,bc uflfcfogdtnfl. vybidytkjdfyb flubkb erfdbf vfst-
vfnbrehb fgfhfnbc, rthgjl, ohabdb flkut,hbc vtsjlt,bc uf-
vjgtyt,bc bkkecnhbht,fc rjyrhtnekb ntmybrehb fvjwfyt,bc

fvj[cyfib. ibyffhcj ,hbdb If cnbkbecnbrehb sdflkkcfphbcebs,
tc fcgtmnb vfc vjobyfdt ntmybreh eybdthcbntnt,ib fv;fvfl



vimvtl @cfby;byhj vfstvfnbrbc# cf[tkvogdfytkjt,sfy ff[-
kjt,c.

cf[tkvdgdfytkj jhb yfobkbcufy itlut,f. | yfobk-
ib ufy[bkekbf rjvgktmcehb hbw[dt,b, vfnhbwt,b, ohabd
fkut,hek ufynjkt,fsf cbentvt,b, dtmnjht,b If
fyfkbpehb utjvtnhbbc tktvtynt,b. Il yfobkib vjwtve-
kbf ohabdb chdhwtt,b, ohabdb jgthfnjht,b, yueabc, huj-
kbc If dtkbc wyt,f, rjlbht,bc stjhbbc tktvtynt,b, ,ekbc
fkut,ht,b If vfssfy Ifrfdibht,ekb cfrbs[t,b, uhfasf st-
Jhbbcf If fdnjvfnst stjhbbc tktvtynt,b.



I 330. 3MF3KRIILIB0 HOBL3I60 KRS
D335V I33J3()

uthvfytk vfstvfnbrjcc rhjytrthc tresdybc itvlt-
ub ufvjyfsmdfvb: @qvthsvf itnwwyf yfnehflkkeh hbw[dsfT
vbvitdhj,f, c[df gdtkfathb itmvybkbf flfvbfybc vbth#
cbngdf @yfnehfkkehb# fhbc @,eyt,hbdbc# cbyjybvb. yfne-
hflkkehb hbw[dt,b bctsb hbw[dt,bf, hjvkt,bw ofhvjbidyty
sdkbc ithtufl. yt,bevbthb jhb yfnehflkkehb hbw[dbc fvb
yfnehfkehb hbw[dbf. bvbcfsdbc, hjv 1tcfdkt,tkb uf[litc
hbw[dt,pt c[df jJgthfwbt,bc (ufvjrkt,bc, ufgjabc, fvjatc-
dbc) itchekt,f, yfnehfkeh hbw[dsf cbvhfdkt eylf
ufafthsjditc ufhrdtekb cf[bc @[tkjdyehb# (fhfyfneht-
kehb) hbw[dt,bc cfiefkt,bs. fctsyfbhfl i1tvjlbc vistvf-
nbrfib efhgyjabsb, hfwbjyflkkehb, bhfwbjyfkehb If
rjvgktmcehb hbw[dt,bc wyt,T.

rjvgktmcehb hbw[db ufybcfpqgdht,f hjughw a+bi
cf[bc ufvjcf[ekt,f, cflfw a If b yfvlidbkb hbw[dt,bf,
[bDkjJ i cgtwbfkkehb cbv,jkjf, hjvtkcfw tojlt,f
ofhvjcf[dbsb thstekb. rjvgktmceh hbw[dsf cbvhfdktib
fhbsvtnbrekb jgthfwbt,b ufycfpqgdhekbf bctsyfbhfl, hjv

rjvgktncehb i hbw[dbc rdflhfnb 1-bc njkbf (i? 1), tbh.



rjvgktmceh hbw[dt,c ijhbc fhbc bctsb hbw[db, hjvkbc
rdflhfnb efhgyjabsbf. tc cfiefkt,fc bdktdf ufydcfpgdhjs
rjvgktmceh hbw[dsf cbvhfdktib fvjatcdbc jgthfwbf yt,bc-
vbthb, vfs ijhbc efhgjabsb hbw[dt,bcfsdbc. sfdbch @[t-
kjdyehj ,bc# vbe[thfdfl, rjvgktmcehb hbw[dt,b udfdktdc
dkbth vfstvfnbreh bfhfgc pjubthsb cfby;byhj fvjwfybc
fvjcflcytkfl. vfufkbsfl (b[. §4), rjvgktmceh hbw[dt,c Ib-
Ib ufvjgtyt,f fmdc wdkflb Itybc tktmnhjohtlbc
uffyufhbit,bcfc. tc ufygbhj,t,ekbf bvbs, hjv wdkflb Ityb

tktmnhjohtlt,ib bwdkt,f cbyecjblehb | 1. sin( , wt)
rfyjybc vb[tldbs (I, Itybc fvgkbnelff, -cfo.bcb af-

pf, -cb[ibht), [jkj fv cf[bc Ifvjrblt,ekt,fc ufhrdtekb
otcbs ittcf,fvt,f

| Te't
ajhvbc ufynjkt,f (b[. (4.12) If (4.13)), hjvtkbw  chekfl

fgothc tktmnhjohtlib vbvlbyfht ghjwtct,c. rjvgktmcehb
cfbs xfothbkb ufynjkt,bc ufvjgtyt,f eahj [tkcféhtkbf,

hflufy vfxdtyt,kbfyb | le'' ajhvbs ofhlutybk hbw-
[dt,pt xfnfht,ekb vjmvtlt,f (ufvhfdkt,f, uf jaf, ufofh-
vjt,f If f.i) ufwbkt,bs vjcf[th[t,tkbf, dolht cbyect,bc
If rjcbyect,bc itvwdtk ufvjcfl[ekt,t,pt.



81. y@33myJbado Goibgol (36g8s.
39093560 3md3agJbad ®oibggddg

d@33mgJbado @ogbgo ufybcfpqdht,f hjujhw a bi
cf[bc ufvjcf[ekt,f, cfifw a If b yfvlidokb hbw[dt,bf,
[Ikj i cgtwbfkehb cbv,jkj, hjvtkcfw tojlt,f
Foddmbsobgomo  ghmgaeo. yfvldbk a hbw[dc tojlt,f
z a bi rjvgktmcehb hbw[dbc 6s8mgoaro bsfoaro 1T Tqbybi-
yt,f Rez cbhv,jKkjsb (realis kfsbyehfl ybiyfdc yfvidbkc),
bkj yfvlidok b hbw[dc tojIt,f rjvgktmcehb z hbw[dbc
Foddmbsbgomo  bofoeno 1T  Tgbybiyt,f Imz cbv,jkjsb
(imaginarius kfsbyehfl ybiyfdc ofhvjcf[dbsc).

viufkbsfl, z 2 3i rjvgktmcehb hbw[dbc yfvidbkb
yfobkb Rez 2, [jkj ofhvjcf[dbsb yfobkb Imz 3.

Z abi rjvgktnmceh hbw[dc tojlt,f z a bi
rjvgktmcehb hbw[dbc Fgn@ergdaeo hbw[db.

z, & bi o 1z, a bi rjvgktmcehb hbw[dt,b
njkbf, se Rez;, Rez, s Imz; Imz,:

a bi a, bi & a, o b b
se b 0 (5.0. Imz 0), vfiby z a bi rjvgktmceh

hbw[dc fqgybiyfdty a-sb If vfc fhubdt,ty yfvldbk a
hbw[dsfy:

a ol a. (1.1)



tc bvbc fyfkjubehbf, hjwf hfwbjyflkehb hbw[db %

ufbubdt, ekbf vstk hbw[dsfy 5.
se b 0, vfiby z a bi rjvgktnceh hbw[dc
Foddmbobgomo tojlt,f. se fvfdt Ihjc a 0 (tb.Rez 0),

vfiby ofhvjcf[dbs rjvgktncen 0 bi hbw[dc fgybiyfdty
bi-sb If eojIt,ty fdobos Fo@dmbsbgom @Goibal:
o bi bhi. (1.2)

fvhbufl, itbokt,f bsmdfc, hjv rjvgktmceh hbw[dsf
C cbvhfdkt fhbc yfvldok If ofhvjcfldbs hbw[dsf
cbhvhfdktt,bc ufthsbfyt,f. fv sdfkkcfphbcbs, rjvgktmceh
hbw[dsf C cbvhfdkt ofhvjflutyc yfvldok hbw[dsf R
cbvhfdkbc ufafhsjt,fc (yfvldokb hbw[db bctsbh =z
rjvgktmcehb hbw[dbf, hjvkkbc ofhvjcf[dbsb yfobkb
Imz 0):

R C.
gsmdfs, z; a bi & z, a, b,i. fv hbw[dt,bc yfvb
ufybcfpqdht,f njkj,bs:
Z, z, & a, b by i. (1.3)
95050000 1. dbgjdjs z, 3 2 Mf z, 5 i

rjvgktmcehb hbw[dt,bc fvb.
.z, z, (35 (2 4i 2 6i



se z; If z, yfvldokb hbw[dt,bf (th. b, b, 0),

vfiby 1.3) njkj,blfy dqt,ekj,s, hjv
z, z, a a, 0 O0i a a,,

t.b. jhb rjvgktmcehb hbw[dbc pfvb bv 1tvs[dtdfib, hjwf tc
hbw[dt,b yfvidokbf, vfs xdtekt,hbd yfvc tvs[dtdf. (1.1) If
(1.2) itsty[vt,bc ufsdfkbcobyt,bs 1tudbdkbf xfdsdfkjs,
hjv rjvgktmcehb hbw[dbc a bi xfothfib ybifyb + fqg-
ybiyfdc itrht,fc, tb. a bi rjvgktncehb hbw[db ofhvjfl-
utyc yfvldbkb a hbw[dbc If ovbylf ofhvjcf[dbsb bi hbw-
[dbc yfvc.

rjvgktnceh hbw[dsf C cbvhfdktib godmgzengdol
Jogthfwbf ufycfpqdhekbf, hjujhw itrht,bc jgthfwbbc
it,heyt,ekb. fmthfy ufvjvlbyfht, z;, a, bji o z, a, b,
hbw[dt,bcfsdbc

z, z, & a, b b,i.

858520000 2. dbgjdjs z, 3 2i If z, 5 4i hbw-
[dt,bc c[dfj,f.

FVI[CYF z z, 3 (5 (2 4i 8 2. J

z, a, bi e z, a, b, rjvgktmcehb hbw[dt,bc
653@sgero utybcfpqgdht,f njkj,bs:

z, z, @aa, bb, ba, ab, i. (1.4)



850520000 3. dbgjdys z, 3 2 Mf z, 5 4i
hbw[dt,bc yfvhfdkb.
FVI[CYF
2,2, 3(5) 24 (@2(5) 34 i 23 2i.3
se z; If z, yfvldbkb hbw[dt,bf (tb. b, b, 0), vfiby (1.4)
njkj,bc sfyf[vfl,

z,z, a 0O)@, 0i aa, 00) (Oa, a 0 i aa,,
th. fctsyfbhfl ufycfpqdhekb  jgthfwbf yfvidbkb
hbw[dt,bc itvs[dtdfib tvs[dtdf xdtekt,hbd yfvhfdkc.
itdybiyjs fuhtsdt, hjv bi cf[bc rjvgktmcehb hbw[db
itbdkt,f ufydb[bkjs, hjujhw b If i rjvgktmcehb
hbw[dt,bc yfvhfdkb:

b 0i 0L b0 01 00 bli bi.
dbgjdjs f[kf ofhvjcf[dbsb thstekbc rdflhfnb:

i ii 01 0 1 00 11 10 O1i 1 0i 1.
fvhbufl,
i1
If i rjvgktmcenhb hbw[db fhbc J 1 atcdbc ths-thsb
vybidytkj,bc njkb. fmtlfy ufvjvibyfhtj,c, hja
rjvgktmceh hbw[dsf cbhvhfdktib itcfokt, tkbf
rdflhfnekb atcdbc fvjqt,f yt,bcvbthb efhgjabsb
hbw[db I fy. vfufkbsfl,

10



V25 5 ( 1) V2541 i
893520000 4. fvjd[cyfs rdflhfnekb ufynjkt,f
x? 6x 34 0.

FVJ[CYF.% 0 34 25 futlfy

x 3 4 25 3 i,
th. vjwtvek rdflhfnek ufynjkt,fc  fmdc  jhb
(rjvgktmcehb) atcdb:
X, 3 bi, X, 3 bi 7

eiefkjl vjovit,f, hjv ptvjs itvjqt,ekb
Joathfwbt,b frvfgjabkt,c fhbsvtnbrekb jgthfwbt,bcfsdbc
I fvf[fcbfst, tk gdtkf gbhj,fc: z,z,,z, C

1.z, z, z, 1z;;

2' (Zl ZZ) 23 Zl (ZZ 23);

32,2, 1, 7

4' (Zl ZZ) 23 Zl (ZZ 23);

5 (zy 1z,) z, 77, 17,1,

fv sdbet,t,bify ufvjvibyfhtj,c, hjv rjvgktmcehb
hbw[dt,bc uflfvhfdkt,bcfc ithokt,f dbcfhut,kjs
vhfdfkotdht,bc ufvhfdkt,bc otcbs (bvbc ufsdfkbcobyt,bs,
hjv i 1)
vfufkbsfl,
3 2 5 4 3 5 34 2 5 24 15 2i 8’

15 2i 8 23 2i.

11



gogmunol Jjothfwbf rjvgktmceh hbw[dsf C chvhfd-

ufybcfpqdht,f, hjujhw ufvhfdkt,bc
it,heyt,ekb jgthfwbf, tb.

ktib Jgthfwbbc

4, Z, 11, (z, 0).
ZZ
fldbkb cfxdtyt,tkbf, hjv, se z;, a Dbi e z, a, b,

2z, 0, vfiby 2t &% bb, ba, ab, .

z, a; bl a; bl
35352000 5. dogjdis z, 23 2i Mf z, 5 4i
hbw[dt,bc afhlj,f.
FVI[CYF
z, 22 2(5) 24 2(5 (84 ;5 4
z, 54 ( 5) 4° ( 5 47

vjdbydfyjs ufgjabc jJgthfwbbc pjubthsb sdbet,f,
hjvtkst Ifvnrbwt,f ithokt,f eiefkj 1tvjovt,bs:
7 1

1. Z, —;
ZZ ZZ

0 Lty L I,

’

Z3 Z3 13
. — (z 0).
Z;
itdybiyjs, hjv ghb rjvgktmceso Gogbzol gstomdol
afvjcfsdktkfl cfrvfhbebf vhbw[dtkb If vybidytkb

ufdfvhfdk js vybidytkbc itegkt,ekpt:

12



23 21 (23 2i))( 5 4i) 123 82i 123 82i
5 4i (5 4i)(5 4i) (5° 4)° 41
fqdybiyjs itegkt,ek hbw[dt,sfy Ifrfdibht,ekb
pjubthsb sdbct, f:

3 2i

1.z z z R ;

2. (2) z;

S L AW
N
N
N
N
N
N

8 (2") (2)".

itdfvjovjs, viufkbsfl, vt-6 njkj,f. gsmdfs,
z, a bji e z, a, b,i.vfiby

z,z, aa, bb, Dba, apb,i,
cthifyfw
2z, (a3, bb) (ha, ab,)i. (1.5)

fvfdt Thjc,
2, z, (a, bi)@, by) (@, bb,) (ha, ab,)i. (1.6)
(1.5) 1f (1.6) njkj,t,bc 1thfht,bs vbdbgt,s Ifcfvnrbwt,tk

njkj,.fc z, z, z; z,, tc otch bylemwbbs ithdkt,f

13



yt,bcvbth yfnehfkeh vixdtyt, kbfyb [fhbc[bcsdbe
ufypjufl Itc (sdbct, T 8).

$§2. gm33angJbamo @oibgol 39mdgd@Homeo
Foddmpagbs. 3mdsemgdbado Goibgols
Jmpamo s Mz 9dgbBo

dsmdfs, cb,hngtpt fhxtekbf BItrfhnbc vfhsres[f
rjghlbyfnsft cbentvf. gjdtk rjvgktmceh z a bi hbw[dc
itdecf,fvjs fv cb,hngc M othnbkb, hjvkbc
rjghlbyfnt,bf a If b (Gf[ 2.1).

yf[. 2.1
w[flbf, fvbs I fdfvyfhts ehshthswfkcf[f
itcf,fvbcj,f rjvgktmceh hbw[dt,cf If cb,hngbc
othnbkt,c ijhbc. fvbc ufvj, fcts cb,hngtc rjvgktmceh
cb,hngtc eojlt,ty. [1bhfl rjvgktmceh hbw[dc

14



rjvgktmceh cb,hngtpt ufvjcf[fdty fhf othnbkbs, fhfvtl
fv othnbkbc hflbec-dtmnjhbs (yf[. 2..1).

fldbkb wtcfvxytdbf, hjv jhb rjvgktmcehb hbw[dbc

xfvbc ufvjvcf[dtkb hflbec-dtmnjhb ofhvjflutyc itcf,fvbc
hflbec-dtmnjhsf yfvc (yf[. 2.2, b[. §15).

Y

yf[. 22.

950500)) 1. fdcfljs rjvgktmceh cb,hngtpt
itvitub rjvgktmcehb hbw[dt,b: z;, 2 2i, z, 2 2i, z3 4,
z, 3,13 1, zg 2.

FVJ[CYFE

Z4 \: Z3 X




itdybiyjs, hjv rjvgktmcehb cb,hnghc f,cwbecst
qthdoc othnbkt,b ufvjcf[fdc yfvidbk hbw[dt,c, [JK]
Jhlbyfnst qthdbc othnbkt,b ovbylf ofhvjcfldbs
how[dt,c. fvbc itcf,fvbcfl, OX qthdc eojlt,ty yfvlidbk
qthdc, [JKkj OY qthdc ofhvjcf[dbsc.

z rjvgktmcehb hbw[dbc itcf,fvbcbh M othnbkbc oM
hflbec-dtnnjhbc chbuhdtc tojlt,f rjvgktmcehb hbw[dbc
dmpyeo If fabybiyt,f |z cbv,jkjsb. fv ufycfpgdnt,blfy

ufvjvibyfhtj,c (b[. yf[. 2.1), hjv rjvgktmcehb z=a+bi
hbw[dbc vjlekb ufybcfpqdht,f njkj,bs:

7 va® b’. (2.1)

w[flIbf, yfvlidokb hbw[dbc itvs[dtdfib vjlekbc
ufycfpqgdht,f tvs[dtdf yfvlidokb hbw[dbc vjlekbc
ufycfpqdht,fc:

la 0 va* 0 Ja? lal.
itdybiyjs, hjv jhb rjvgktmcehb hbw[dbc c[dfj,bc

vilekb fv hbw[dt,bc ufvjvcf[dtk othnbkt,c i1jhbc
vfydbkbc njkbf (yf[. 2.4).

16
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\\

A X

o
yf[.2.4.
fmtify  ufvjvibyfhtj,c, hjv bcts 2z othnbksf
cbvhfdkt, hjvtksfsdbctw
|z 2| r (|2 7| r),
cfifw r 0, ofhvjflutyc ohtobhc (ohtc) wtynhbs
Z, X, Y, othnbkib If r hflbecbs (yf[. 2.5).

Yof-----

0] Xo X
yf[. 25.

3505000 2. vjddt,yjs rjvgktnceh cb,hngtpt
cbvhfdkt bcts z othnbkt,bcf, hjvkt,bw frvfgjabkt,c
|z i| 2 gbhj,fc.

17



sdmblbbo. sd Zg i, I 2, 5806038 s0bodbraro

bLodGS3a7g Fs0msagbl Fgl. Hmderob 3960 dmos3Lb9871¢»0s

Z, I Poddoedo, boaanm Gswonbo ¥ 2 (6sb. 2.6) [
Y
@) X
it
yF[. 2.6.

dsmdfs, z 0. -sbfqdybiyjs res[t OX qgthocf If

OM hflbec-dtmnjhc ijhbc, fsdkbkb OX qthdlfy cffsbc

bchbc vjdnfj,bc cfobyffqvltuj vbvfhsekt,bs (yf[. 2.1).
fcts res[tc tojlt,f z rjvgktmcehb hbw[doc s@g2d7680

If fgbybiyt,f argz cbv,jJkjsb. z a bi rjvgktmcehb
hbw[dbc fhuevtynb itbokt,f ufybcfpqdhjc cbentvblfy:

a
Ccos > >
a~ b® 22)
. b
SIn
a’ b®

se a 0, vfiby vtjs[tibc ufsdfkbcobyt,bs :z a bi
rjvgktmcehb hbw[dbc fhuevtynb itbdkt,T dbgjdjs s3690039

AmB0sb

18



g —.
a

bvbcfsdbc, hjv rjvgktmcehb hbw[dbc fhuevtynb
bggc ufyctpgdhekb wfkcf[fl, cfrvfhbcbf 1tvjdbafthukjs
2 cbuhdbc iefktlbs. fcts i1efktifl xdty vbdbqt,s

;  cbvhfdktc (pjubths itvs[dtdfib ufvjbgtyt,f iefkt-

b 02 ).

850520000 3. dbgjdjs itvltub rjvgktmcehb
hbw[dt,bc vjlekb If fhuevtynb:
)z, 2 2i; 2)z, 2 2i; 3)iz3 4; 4z, 3; 5)zg i;
6) zg 2i;

FVI[CYF 1)z 2 2i;

2| V2% (2)* 242; g, 72 1.

hflufy z, hbw[dbc ufvjvcf[dtkb othnbkb viIt,fhtj,c

vtjs[t vtys[tlib (yf[. 23), fmtify ufvjvibyfhtj,c, hjv
1 Z;

2)z, 2 2i;

2| V(2?7 22 242, 1, iz 1.

obyf itvs[dtdbcfufy ufyc[dfdt,bs, itcf,fvbcb othnbkb

vit,fhtj,c vtjht veys[thib (yf[. 2.3), fvbnjv , % ;

19



3)z5 4;
ol 4
hflufy fv hbw[dbc itcf,fvbcb othnbkb vit,fhtj,c OX
gthdpt vbc Iflt,bs yfobkib (yf[. 2.3), fvbnjv , 0;
4z, 3;
2l 19 3.
hflufy z, hbw[dbc itcf,fvbcb othnbkb vit,fhtj,c OX
gthdpt vbc efhgyjabs yfobkib (yf[. 23), fvbngv , ;
5 2 1 0 1i;
|zs| vO* 1% 1
bkj
° 2
(z; hbw[dbc itcf,fvbcb othnbkb vlt,fhtj,c OY qth pt
vbc Iflt,bs yfobkib (yf[. 2.3));
6) z; 2i 0 2i; fv itvs[dtdfib (b[. yf[. 2.3)

|zs| §O* (2?7 2

bk
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83. ym33myJba®o @Goibgols
B®0ogmbmdgB®onao s dshggbgoeosbo
RE®IS

dsmdfs, z a bi yt,bcvbthb fhfyek jdfyb
rjvgktmcehb hbw[dbf. fqdybiyjs r-bs fv hbw[dbc vjlekb,
ki -sb fhuevtynb. (2.1) If (22) njkj,t,blfy
vbdbqt,s, hjv
a rcos , b rsin |,
ctblfyfw
z a bi rcos rsin i r(cos isin ).
fvhbufl, yt,bcvbthb z 0 rjvgktmcehb hbw[db
ithdkt, T bgjc ofhvj lutybkb itvitub cf[bs:
z r(cos isin ), (3.1
cflfw r |7, arg z. (3.1)-c toj It,f rjvgktncehb hbw[dbc

GG0ambm3gEH0Ho gmHIs.
tbkthbc ajhvekbc sfyf[vfl, yt,bcvbthb yfvidbkb
hbw[dbcfsdbe

cos isin e
fvbc 1tcf,fvbcfl, yt,bevbthb rjvgktmcehb hbw[db itbdkt,f
xfbothjc t.o. dshggbgdeosbo (3mans@zmo) geo®mdon:

Z re rexp(i ). (3.2
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Dsmdfs, vjwtvekbf jJhb rjvgktmcehb hbw[db
z, r(cos , isin ;) Bf z, r,(cos , isin ,). dbgjdjs fv
hbw[dt,bc yfvhfdkb

z,z, r(cos , isin ;) r,(cos , isin ,)
rr,cos , cos , sin , sin , i(sin ; cos , cos , sin ,)

rnrycos( , ,) isin(, ,) . (33)

fvhbufl, Jhb rjvgktmcehb hbw[dbc uflfvhfdkt,bcfc

vfsb vjlekt,b vhfdklt,f, [jJkj fhuevtynt,b brhb,t,f:
ze| [2] 22|
If
arg(z,z,) argz, argz,

(eahj pecnfl, arg(z,z,) argz, argz, 2k, cflfw k Z).
5990056 358m8065GgmBL, Gm8 8sB39698e0560 RGO Bsfg@Boero
3339 JbeyGo Gogbz980b 85059B33a1985 F90dards
396bmG3ogryl B3953g8Gog30 fgbooo:

2, re'*re'? nr,e' o2,

8535%200)01.  dbgjdjs  z; 2(cos20 isin20 ) If
z, 3(cos40 isin40 ) rjvgktmcehb hbw[dt,bc yfvhfdkb.
FVJILCYF. (33)-bc sfyf[vfl,

2,2, 2 3[cos(20 40) isin(20 40)]

6(cos60 isin60 ) 3 3v3i. [

se z, z, r(cos isin ), vfiby (33)-1fy vbdbqt,s
22



72 r?(cos2 isin2 ).

tc otcb bylemwbbs ithokt,f ufypjuflltc yt,bcvbthb
yfnehfkehb n hbw[dbcfsdbe:

[r(cos isin )]" r"(cosn isinn ). (3.4)
rthdj itvs[dtdfib, hjwf r 1, dqgt,ekj.s 8go360b
ROHIE0s s

(cos isin )" cosn isinn . (35)
vixdtyt, kbfyb ajhvbc itvs[dtdfib (34) qt,ekj,c itvitu
cf[tc:

(re' )" rte" .

350520000 2. dogjdjs (2 2i)°.

FVJI[CYF xfdothjs rjvgktmcehb hbw[db
z 2 2i nhbujyjvtnhbekb cf[bs. hflufy

I 22 (2? 22, ki  argz - (0L 82 viufkbsb
3), fvbnjv 2 2i 242 cos( Z) isin( Z) . (34) ajhvekbc
sfyf[vfl,

@ 2i)° 242" cosé( 2) isin6( ) 51200 i) 512i.0J

gsmdfs, z; r(cos ; isin ;), z, r,(cos , isin ,) If

z, 0. vfiby
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z, rn(cos , isin ;) r (cos , isin ;)(cos , isin ,)

z, fr,(cos , isin ,) r, (cos , isin ,)(cos , isin ,)

r, cos ,cos , sin ,sin , i(sin ,cos , cos ,sin ,)
2 H;

r, cos’ , sin® ,
r .
r—lcos( L ) dsin( L), (3.6)
2
t.b.
2|zl
Z, |Zz
if

z
arg—> argz, argz,.
ZZ

vixdtyt, kbfyb ajhvbc itvs[dtdfib

Zomet iy
Z, ne'?
gsndfs, n yfnehfkehb hbw[dbf. n-ehb [fhbc[bc
atcdbc ufycfpqgdht,bc sfyf[vfl,
w ¥z ow'oz.
se z r(cos isin )* (z 0, DDkjJ w (cos isin ),
vfiby w" z njkj,f xfbotht,f itvlitub cf[bs:
"(cosn isinn ) r(cos isin ).

frt 1 fy
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If
n 2k (k 2).
fv njkj,t,blfy dgt,eKj,s, hjv

Vr
(Q/F fhbc fhbsvtnbrekb atcdb Iflt,bsb r hbw[dbify) If
2 K k 2). @7
n
se erfyfcrytk njkj,fc xfdoths
_ 2k
n n

cf[bs, Ifdhoveylt,bs, hjv k-c yt,bcvbthb  jhb
vybidytkj ,bcfsdbc, hjvtkst c[dfj,f n hbw[dbc ypthflbf,
res[bc itcf,fvbc vybidytkj,fsf c[dfj,f bmyt,f 2 -bc
xthflb. rmtify ufvjvibyfhtj,c, hjv n-ehb [fhbc[bc gdtkf
atcdbc vbcfqt,fl (3.7) njkj,fib cfrvfhbcbf fdbgjs k-c
yt,bcvbthb n sfyfvbvltdhj,bsb vstkb vybidytkj,f, vfuf-
kbsfl, 012..n 1 (fy12,..,n If f1).
fvhbufl, n-ehb [fhbc[bc atcdb z r(cos isin )

rjvgktmcenhb hbw[dolfy ufycfpgdhfdc n hfjltyj,bc
rjvgktmceh hbw[dc

Yz ¥r cos n2k isin n2k , (3.8)
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cflfw k 012..n 1 (¥r fhbc atcdbc fhbsvtnbrekb vybidyt-
Kj.f).

838520000 3. dbgjdjs V8 atcdbc gdtkf vybidytkj-

,T 1T fqdybiyjs bcbyb rjvgktmceh cb,hngtpt.

FVIJLCYF fmr 8§ 0, n 3, fvbnjv (3.8)

ajhvekbc sftyf[vfl,
i 20052—3k isin%, (k 012)

1) k 0 'z, 2cosO isin0 2

2) k1 z 20052? isin% 1 iy3;

3 k 2, gz 20054? isin% 1 V3.

fdfujs 3/8  atcdbc vbgt,ekb vybidytkj,t,b rjvgktmceh
cb,hngtpt:
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Y
\27 )
- 0
y
2

Zl

2

3
\Zz\é

yf[. 3.1

§4. 3083e0gJbado Gobggdol 3sdmygbgods

GgmoE0 EJbol gmg BB rgdols
3556350 gd0b5b

dsmdfs, vfnthbfkehb M  othnbkb sfyf,hfl
vj hfj,c r-hflbecbfy ohtobhpt (yf[. 4.1). Ifdeidfs, hjv
Ihjbc cfogbc t 0 vjvtynib bc bvgjat,jif M,
viujvfhtj,fib If BOM, .

27



yf[. 4.1

P-sb fqdybiyjs Mvjonhfdo othnbkbc utuvbkb OX
qthopt, [Jkj x-bs P othnbkbc uflIf[hf ohtobhbc O
wtynhblfy (tb. vbvfhsekb OP vjyfrdtsbhc cblblt). se

M,OM , vfiby BOM , If

x OM cos BOM rcos( , ).
se ufdbsdfkbcobyt,s, hjv sfyf,fhb vjohfj,bc Thjc res[t
bwdkt,f Ihjbc ghjgjhwbekfl, th.
t, 4.1
fmtify vbdbqt,s
X rcos( , t). 4.2)

(4.2) fhbc P othnbkbc h[tdbc ufynjkt,f. itdybiyjs, hjv,
hflufy

cos( , t) cos ,cos t sin ,sin t,

28



fvbnjv hltdbc (4.2) ufynjkt,f ithokt,T xfbothjc fuhtsdt
X acos t bsin t 4.3)
cflbs, cflfw
a rcos g, b rsin .
se vjohfd M othnbkc Bfdfutuvbkt,s OY qthdpt
If itcf,fvbc othnbkc fqdybiyfds Q-sb (b[. yf[. 4.1), vfiby
Q othnbkbc y uflf[hbcfsdbc vbdbqt,s:
y rsin( , t). (4.9
hflufy

cos( , t) sin tE,

tc ybiyfdc, hjv hjujhw (4.2), bct (4.4) ufynjkt,bs
ufycfpqdhekb uflf[hf bwdkt,f cbyecjblehb rfyjybc vb-
[tldbs (yf[. 42 f 1T 42 ).

X Y

X:':::m" yz /\/{‘\
AN IVARN
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vjonhfj,fc, hjvtkbw ufybcfpqdht,f (4.2), (4.4) fy
hfw bubdtf, (4.3) cf[bc ufynjkt,t,bs, tojlt,f vfhnbdb
Sfhvjybekb h[tdf. Iflt,bs r hbw[dc tojlt,f h[tdbc
fvgkbnelf, , t-c h[tdoc afpf Ihjbc t vjvtynib,
res[tc cfogoch afpf, [Jkj -C res[ehb cb[ibht.
(4.0)-1fy ufvjvibyfhtj,c, hjv res[ehb cb[ibht Ihjbc
thstekib vj ,heyt,bc res[bc njkbf, hbc itcf,fvbcfl

fhbc bc Ihj, hf Ihjibw vjchfdo M othnbkb ths chek
,heyc 1itfchekt,c. fcts T hbw[dc tojlt,f h[tdbc
gthbj Ib.

cbhyecjblehb rfyjybc vb[tldbs bwdkt,f fuhtsdt
tktmnhjvfvjohfdt,tkb Jfkf (vijrktl tv Jfkf), hjvtkbw
ufvjveifdlt,f tktnnhjutythfnjht,bc vbth
tktnnhjcflueht, ib. tc ufvjodtekbf bvbs, hjv
utythfnjhbc hjnjhb sfyf,hfl ,heyfdc vfuybneh dtkib,
hjvtkbw hjnjhbc qthdc gthgtylbrekfhek fiff
vbvfhsekb (yf[. 4.3).
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se df,dbc If Itybc vfmcbvfkeh vybidytkj,t,c

(fvgkbnelt,c) fqdybiyfds itcf,fvbcfl U If | -bs, vfiby

df ,dbc I Btybc vgbeh vybidytky,f (tb. vybidytkj,f Thjbc

vjwtvek t vjvtynib) ufybcfpqdht, f itvitub
njkj,t,blfy:

Ut U,cos , t, (4.5)

It I,cos , t. (4.6)

itdybiyjs, hjv fctshdt rfyjypjvbtht,t,c

tvjhxbkt,f pfv,fhbc h[tdbcfc vfcpt Ifvfuht,ekb M

vfnthbfkehb othnbkbc vy uflf[hf ojyfcojhj,bc O

viujvfhtj,blfy (wbht ufIf[ht,bc itvs[dtdfib) (yf[. 4.4).
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<

1

]

1
<---r--->

yf[. 4.4.
Ifde,heylts 3fhvjybekb h[tdbc pjufl itvs[dtdfc.
X -bs fqdybiyjs rjvgktmcehb hbw[db, hjvkbc yfvlidbkb If
ofhvjcfldbsb yfobkt,bf itcf,fvbcfl (4.2) If (4.4) nj-
kj,t,bs ufycfpgdhekb x If y hbw[dt,b, t.b.

X X iy rcos , t irsin( , t)

rcos , t isin , t re'° ' re'oelt.  (47)
se 1tvjdbqt,s fqybidyfc
X re' o, (4.8)
vfiby (4.7) - Ify vbdbqt,s:
x xe'' Xexp(i t). (4.9)

rjvgktmcehb hbw[dbc utjvtnhbekb ofhvj lutyblfy (b[. §2)

ufvjvibyfhtjy,c, hjv x rjvgktmcehb hbw[dbc itcf,fvbch
othnbkb vbbgt,f X rjvgktmcehb hbw[dbc itcf,fvbch
othnbkblfy, vbcb tres[bs vj,heyt,bs O cfsfdbc

ufhitvj (yF[. 45).
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yf[. 45.
(4.9) fhbc 3fhvjybekb h[tdbc ufynjkt,f, xfothbkb
rjvgktmcehb cflbs: itcf,fvbcb x uflf[hf ofhvjflutyc x
rjvgktmcehb hbw[dbc yfvldbk yfobkc:

X Re(xe''). (4.10)
fctsb vblujvbc tatmnehj,f bc fhbc, hjv vfstvfnbrehb
Jothfwbt,bc itchekt,f exp(i t) tmcgjytynfpt ufwbkt,bs
eahj vjcf[th[t,tkbf, dbhlht rjcbyect,cf If cbyect,pt.

vfufkbsftl, hflufy
& dee'y e'!
dt dt dt
fvbnjv

dx” ~it
— Vv [
m ( )
cfl[bc sfyfafhlj,f 1tbdkt,f 1tbwdfkjc sfyfafhlj,bs:

i xe't ve't,
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ctbifyfw dgt,ekj,s
i X V.
fvhbufl, rjvgktmcehb cflbs ofhvj lutybc
itvs[dtdfib ufofhvjt,bc jgthfwbf bwdkt,f rjvgktmceh i
hbw[dpt ufvhfdkt,bc jgthfwbbs:

dx” o
— v 1 X V. 4.11
m (4.11)

wdkflb Jdf,dbcf If Itybc itvs[dtdfib (4.8) If
(4.9)-bc  w1tcf,fvbcfl (45) If (4.6)-bc ufsdfkbcobyt,bs
i tudbdkbf Ifdothjs

Ue't (1" Te'Y, (4.12)
cflfw
U uee° (1 1.°). (4.13)

bvbcfsdbe, hjv U (1) vybidytkj,blfy vbdbgjs df,doc
(Itybc) vgbch U() (1(t) vybidytkj,f, U (1) rjvgktncehb

how[db eylf ufdfvhfdkjs e''-pt If fdogqjs vbqgt,ekb
rjvgktmcehb hbw[dbc yfvidokb yfobkb (yf[. 46 f If
yf[. 46 ,)
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U@) ReUe' ') I(t) Re(le'!) .

yf[. 4.6.
w[flIbf, hjujhw U, bct Ue' ! rjvgktmcehb hbw[dbc
vj lekb df,dbc vimcbvflkkehb U vybidytkj,bc (t.b. fvgkbne-
Ibc) njkbf. bubdt bsmvbc wdkflb Itybc mtcf[t,.

jJvbc  rfyjybc  sfyf[vfl, yt,bcvbth ufvnfthib
ufvfdfkb Ity fv  ufunfhbc ,jkjt,pt vjlt,ekb

ggntywbfksTt c[dfj,bc ghjgyhwbekbf:
u

5
fv ghjgjghwbbc % rjtabwbtync toj It,f godBodmds, [1KJ

ufvnfhj,bc it,heyt,ekk R chlbltc gsdgedol fobswmas.
tc sfyfafthl]j,f vfhst,ekbf hjujhw velvbdb, bct wdkflb
Itybc itvs[dtdfib (w[flbf, wdkflb Itybc 1tvs[dtdfib U -cf
If |-ib buekbc[vt,f vfsb v¢bch vybidytk]j,t,b).
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rjvgktmcehb cf[bs fqybiyekb sfyfafthlj,f itbdkt,f xf-
bothjc itvltub cf[bs:

(4.14)

!
o | Cy

fv njkj,bify ufvjvibyfhtj,c, hjv fgybiyek itvs[dtdfib
dJf ,df If Ityb ths afpfib bvyjat,bfy (yf[. 4.7).

‘\ R
0 // G,

yf[. 4.7.
hjwf vfdsekbc [dbfib (rjzib) uflbc Ityb,
ofhvjbij,f vfuybnehb dtkb. fv dtkbc wdkbkt,bs rjzbc
gjdtk [dbfib If itcf,fvbcfl, rjzbc ,jJkjt,pt ofhvjmvybkb
sdbsby Iemwbbc tktmnhjvfvjohfdt,tkb dfkf Itybc
wdkbkt,bc ghjgjhwbekbf, t.b.

v L&
dt

fv ghjgghwbbc L rjtabwbtync tojIt,f rjzbc mgomobosyjizo-
ol gmggoiogbdo. (4.11)-bc itcf,fvbcfl itudbdkbf Ifdothjs

U (i )LI. (4.15)
hflufy

i e?,
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(4.15)-1ty ufvjvibyfhtj,c, hjv bylemwbehj , f
tktnmnhjohtlib bodtdc HItybc afpbc > -bs xfvjhxtyfc

df ,dbc afpfcsfy ithfht,bs (yf[. 4.8).

0 |
yf[. 4.8.

se 1tvjdbqgt,s itvltu fqybidyfc:

Z, ilL, (4.16)
vfiby (4.15)-1fy vbdbqt,s:
U z.1 (4.17)
Fy, hfw bubdtf,
~ U
I -, 4.18
Z, (4.18)

t.b. bylemwbehj,bc itvwdtk ohtlib Z cblblt fchekt,c
obyfqj.,bc hjkc. Z, rjvgktmcehb hbw[dbc vjlekc
lz,| X L (4.19)
toj It, T obyjgoado fobspmds. hflufy
0 Ve ] 1o
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fvbnjv (4.17) -1fy dgt,ekj,s:
U, LI,
t.b. df,dbc If Itybc fvgkbnelt,bc itafthlt,f bylemwbehb
X_. L obyfqj,bc njkbf.
se rjyltyctfnjhbc abhabnt,c Ifdve[nfds, vfiby vfs
ijhbc ofhvjij,bkb gjntywbfksf c[dfj,f vjlt,ekb
ve[nbc cblblbc ghjgjhwbekb bmyt,f, t.b.

U (4.20)

3,
C
fv ghjgjhwbbc é rjtabwbtynbc it,heyt,ek C hbw[dc

toj It, T rjyltyctnjhbc @ggoemds. hflufy

49
dt
fvbnjv (4.11) -bc itcf,fvbcfl
1 iq,
cfolfy
-
q —-
i
fvbc ufsdfkbcobyt,bs (4.20) -1fy vbdbgt,s:
~ 0
u ——. 4.21
i C (4-21)
hflufy
lite?
i



(4.21) -1fy ufvjvibyfhtj,c, hjv ntdflj,f tktmnhjohtlib
bodtdc df,dbc afpbc xfvjhxtyfc E-bs Itybc afpfcsty

ithfht,bs (yf[. 4.9).

yF[.4.9.
obyf itvs[dtdoc fyflk jubehfl itbdkt,f Ifoothjc:

U z., (4.22)
cflfw
Z. % (4.23)
If
U, Xcly
fmt 1 fy
X, - (4.24)
C

X. hbw[dc toj It,T §ggoemdomo Fobopmds.

ufdfthsbfyjs cfvbdt itvs[dtdf If ufydb[bkjs
tktmnhjohtlb, hjvtkbw sfyfvbvltdhj,bs itthst,ekb cfvb
tktvtynbcufy itlhut,f (yf[. 4.10).
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yf[. 4.10.

rbh[3jabc rfyjybc sfyf[vfl,

u u, U, U,
ctblfyfw (4.14), (4.17) If (4.22) njkj.t,bc
ufsdfkbcobyt,bs, vhdbgt,s:

U R Z, Z.1.

C
e}
e]

Cy
e]

C
P

yf[. 411

se 1tvjdbqt,s fqybidyfc:
Z R Z, Z.,

ithokt,f Ifdothjs U 2zl , cflfyfw

| (4.25)

N|C1
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tc fhbc jJvbc rfyjybc ufypjuflt,f wdkflb [Itybc
itvs[dtdfib. Z rjvgktmceh hbw[dc tojIt,f ymd3myfbado
083900560 (chekb obyfqj,f). (4.16) If (4.23) njkj,t,blfy
ufvjvibyfhtj,c, hjv rjvgktmcehb bvgtlfycb

Z Ri L —. (4.26)

X L — (4.27)

GgsdBoamo Fobspmds. hflufy

2
Z| \/RZ L
C

fvbnjv chekb obyfqj,f bmyt,f vbybvflkkehb, hjwf

LLO,
C

th. hjwf X, X, If

R (4.28)

chekb obyfqj,bc vbybvfkkehb vybidytkj,f bmyt,f:
2|

min
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(4.28) njkij.,bs ufycfpadhek cb[ibhtc ®gbmbsbbzmo
toj It, f. w[flbf (b[. yf[. 4.11), fcts itvs[dtdfib U, If U,

hbw[dt,bc vjlekt,b njkbf If U U, .

85, 3dogoenfga@ol odans dsd@msgargdoe

1. 3dogsmofgado  gm33mgfbad  s@gTo.  sanggd@ol
doGoms@o mym@Hgds.

gsmdfs, n yt,bcvbthb fhfefhgjabsh vstkb hbw[dbf.
ufvjcflekt,fc

n nil

p(z) ¢,z Ch1Z Cp, (5.1)

cfifw c,,c,...c,,,c, rjvgktmcehb hbw[dt,bf, fvfcsfy ¢, O,

'¥n 1" ¥n

C,Z

tojIt,f n-gdo bodolbol ddogsefggdo (fye Sdmarobmdo).

Cy,Cys--sCy 1, Cy hbw[dt,c tojglt,f vhfdflkkotdhbc
409806°36690-
viufkbsfl,

p(z) 52% 2iz 3
fhbc vtjht [fhbc[bc vhfdfikotdhb, [jKij
q(z) 3
yek jdfyb [fhbc[bc vhfdflkkotdhb.
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se vhfdfkotdhbc gdtkf rjtabwbtynb yekbc njkbf,
vfiby vfc bummgsbo ddsgsenfggbo  tojht,f. p(z) O
yekjdfyb vhfdflkkotdhbc [fhbc[b ufycfpgdhekb fh fhbc.

se 1z, rjvgktmcehb hbw[dbf, vfiby p(z,)-bs
fgbybiyt,f p(z) vhfdfkotdhbc vybidytkj,f z, othnbkib,
t.b.

p(z,) Cz," ¢zt Co1Zo Cp-

vfufkbsfl, se p(z) 3z 1, vfiby p(i) 3i* 1 4.

se

p(z,) O,

vfiby z, rjvgktmceh hbw[dc togIt,f p(z) ddsogsefggdol

29Ug0.
viufkbsfl,
p(z) z° 1
vhfdfkkotdhbc atcdt,bf z, i 0f z, i, hflufy
pi) i 1 0
If

p(i) (D* 1 0.
p(z) 0 ufynjkt,fc tojlt,f omggddaeo, [JK]J
p(z) vhfdfkkotdhbc [fhbc[c fv gebBmangdol bsdolbo.
gsmdfs, p(z) fhbc n [fhbc[bc n 1 vhfdfkotdhb,

Okj 2z, yt,bcvbthb rjvgktmcehb hbw[dbf. ufdgjs p(z)
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vhfdfkkotdhb z z, c[dfj.fpt (tc c[dfj,f ofhvjflutyc
gbhdtkb [fhbc[bc vhfdfkkotdhc). vbgt,ekb ufyfgjab
fqdybiyjs p,(z)-bs, [Jkj yfisb r-bs, tbh.

p(2) (z zp)py(2) r. (52
(5.2) njkj,fib p,(z) fhbc n 1 [fhbc[bc vhfdfkotdhb,
[Ikj r ufhrdtekb rjvgktmcehb hbw[db (yekjdfyb
[fhbc[bc vhfdfkotdhb).

vfufkbsfl, se p(z) 2z 3z 1, Jkij z, 5, vfiby,
hjujhw fldbkb itcfvjovt,tkbf,

2z 3z 1 (z 5)(2z 7) 36.
fm p(z) 22 7, Okj r 36.

MDIMBIdS 51 (39%y). p(z) vhfdfkotdhbc z 7z,
cldfj.,fpt ufgjabcfc vbgt,ekb yfisb elhbc fv
vhfdflkkotdhbc vybidytkj,fc z, othnbkib, t.b.

rp(z,).

LFVNRBWT, F se (52) njkj,bc jhbdt
yfobkib itdbnfys z 1z, vybidytkj,fc, vbdbqt,s
Ifcfvnrowt,tk njkj,fc. [J

PIRIdN 5.2. bvbcfsdbe, hjv z, hbw[db bgjc p(z)
vhfdfkotdhbc atcdb, fewbkt,tkbf If cfrvfhbch, hjv
vhfdfkkotdhb eyfisjl ufbyjc z z, c[dfj,fpt. [J
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gsmdfs, 1z, fhbc n-ehb [fhbc[bc (n 1) p(2)
vhfdfkkotdhbc atcdb. vfiby p(z) vhfdfkotdhb eyfisjl
ufbgjaf z z, c[dfj,fpt:

p(z) (z z)p(2). (53)
se p(z,) 0, vfiby z,-c tojlt,f p(z) vhfdfkkotdhbc
vfhnbdb atcdb.

vfufkbsfl, 1z, 1 fhbc z* 1 vhfdfkotdhbc
vfhnbdb atcdb, hflufy

221 (z D oz,
[kj z* z 1 vhfdfkotdhbc vybidytkj,f z, 1 othnbkib
fh elhbc 0-c.

Ifdeidfs f[kf, hjv z, fhbc p,(z) vhfdfkkotdhbc
atcdbw. vfiby p,(2) vhfdfkotdhb ofhvjblubyt,f
(z zy)p,(z) cf[bs If (53)-1fy vbdbqt,s, hjv

P@) (2 20)"p(2),
cfifw p,(z) fhbc n 2 [fhbc[bc vhfdfkotdhb. se z, fhbc
p,(z) vhfdfkotdhbc  atcdbw, vfiby tc ghjwtcb
ufuhdtkit,f. ufhrdtekb cfat[ehbc itvlitu vbdbqt,s
njkj,fc:

P@) (2 ) P(d),
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cflfw k yfnehflkehb how[dbf(k n), p,(z) fhbcn k
[fhbc[bc vhfdfkkotdnb If p,(z,) 0. fcts itvs[dtdfib z,

hbw[dc tog It,f p(z) vhidflkkotdhbc k -pthflj,bc atcdb.
vfufkbsfl, hbw[do z, 2 fhbc p(z) (z 2)°(z°

z 1) vhfdfkotdhbc cfvythflb atcdo, hflufy ( 2)°
(2 1 0.

xdty ufydvfhnts vhfdfkkotdhbc atcdbc ythflj,f,
vfuhfv cfrbs[fdbf, fmdc se fthf cfpjufljl yt,bcvbth
vhfdfkkotdhc atcdb. Iflt,bs gfce[c fv rbs[dfpt bdktdf

smg 960l doGomspo mgmdygds, hjvtkkbw 1799 otkc Iffvnrb-
wf ufvjxtybkvf uthvfytkvf vistvfnbrjcvf rfhikk ahblhb[

ufecvf.
MIMBIFS 5.3 (se0ggddol doGoms@o mgmmgds). yjdtk
p(z) vhfdfkotdhc, hjvkbc [fhbc[b n 1, fmdc thsb atcdb

vfbyw, yfvldbkb fy rjvgktmcehb. [J
fv stjhtvbc Ifvnrbwt,f xdtyb rehcbc afhukt,c
cwbklt,f.

MIMBIBS 54. gjdtk p(z) vhfdfkotdhc, hjvkbc
[fhbc[b n 1, fmdc pecnfl n atcdb (ythflj,bc
ufsdfkbcobyt,bs).

LFVNRBWT, F. gsmdfs, z, fhbc

P(2) Cpzo" iz, ' ChiZo C (C, 0)
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vhfdfkotdhbc atcdb. vFiby (b[. (5.3)

p(2) (z z)p(2),
cfifw p,(z) fhbc n 1 [fhbc[bc vhfdfkotdhb. se n 1 1
(th. n 2), vfiby fkut,hbc dhbsflb stjhtvbc sfyf[vfl,
p,(z) vhfdfkkotdhc fmdc thsb atcdb vfbyw. fqdybiyjs tc

atcdb z,-bs. vfiby

P(2) (2 7,)p,(2),
o, itcf,fvbcfl,
p(@) (2 )z 1z,)p,(2),
cfifw p,(z) fhbc n 2 [fhbc[bc vhfdfkotdhb. se n 2 1,
tc ghjwtcb ufuhotklt,f. cf,jkjjl vbdbqt,s
vhfdflkkotdhbc itvitu ofhvj lutyfc:
p(z) c,(z z))(z z,) (z z,). (5.4

fmtlfy ufvjvibyfhtj,c, hjv hbw[dt,b z,z,,.,z, (vfs
ijhbc ithdkt,f bygjc njkb hbw[dt,b) ofhvjflutyc p(z)
vhfdflkkotdhbc atcdt,c. [J

9IRJB0 5.5, gjdtkb vhfdfkotdnb bikt,f ohabd

vivhfdkt,fl.
35352000 1. Ifdifkjs 1z 8 0 vhfdfkotdhb
ohabd vfvhfdkt, fl.
FVJI[CYF fvjd[cyfs ufynjkt,f
2 8 0.
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fv ufynjkt,bc atcdt,bf (b[. §3, vfufkbsb 3) z, 2,
z, 1 43 If z, 143Bi. futlfy (54) ajhvekbc
ufsdfkbcobyt,bs vbdbqgt,s, hjv

28 (z 2z (1 4B8) z (1 438). O

hjujhw erdt fqdybiyts, (5.4) njkj,fib z,,z,,..,z,
hbw[dt,c ijhbc ithdkt,f bgjc thsvfytsbc njkb hbw[dt,b
(xthflb atcdt,b). se z,,z,,..,z, fv atcdt,bc ufyc[dfdt,ekb
vybidytkj,t,bf m n, OkJ k. .k,,. k, ¥itcf,fvbch ythf-
1j.t,b, vfiby (5.4)-c ithdkt,f vbawts itvltub cf[t:

P oz )@ 2,)° (2 z,)",

cflifw k;, Kk, k, n.

viufkbsfl,

p(z) z°® 6z° 9z°
vhfdflkkotdhbcfsdbc fcts Ifikfc fmdc itvltub cf[t:
p(z) z'(z 3)%.
vttmdct [fhbc[bc fkut,hek ufynjkt,fc
z° 6z° 9z 0

xthflj,bc ufsdfkbcobyt,bs fmdc tmdch atcdb (z;, 0 fhbc
Jslxthflb atcdb, [Jkj z, 3 - jhythflb).

2. bs8mgoaimyn030966g30560 d@Hsgommfggmol  @sTens
FOgog @5 Jgse@s@am dsdbsgangds.

gsmdfs,
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p(z) a,z" az"’ a,;z a, (a, 0)
yfvldbkrjtabwbtynt,bfyb vhfdfkotdhbf (a, R, i 01..,n).
se ufdbsdfkbcobyt,s, hjv rjvgktmceh hbw[dsf yfvbc If
yfvhfdkbc i1tegkt,ekb fv hbw[dt,bc itegkt,ekb hbw-
[dt,bc itcf,fvbcfl yfvbc If yfvhfdkbc njkbf, vbdbqt,s,
hjv yt,bcvbthb rjvgktmcehb z, hbw[dbcfsdbc

VRN n ni
P(zo) ayz, &2, a, 12y, 4,
n ni —
Aoz 7 a, 12y, 4,
— = N —=n1l —_ = —_
Aoly AL a,1Zp 4,
= N =nl = —
Aply AL a,1Zy a, P(Zp)

(@ a,hflufyfw a;, R). séhbufl, z, C,
P(z0) P(Zo)- (5.5)
MIMHJdS  5.6. se z, rjvgktmcehb hbw[db fhbc
yfvildbkrjtabwbtynt,bfyb p(z) vhfdfkkotdhbc atcdb, vfiby

fv hbw[dbc itegkt,ekb z, hbw[dow bmyt,f fv
vhfdfkotdhbc atcdb.

LFVNRBWT, F hflufy p(z,) 0, fvbnjv

p(z,) 0. vfuhfv (65)-bc dskbs p(z,) p(z,), cfblfyfw
ufvjvibyfhty,c Ifcfvnrbwt,tkb njkj,f. [J

49



9IRJIdN  5.7. yt,bcvbth yfvldbkrjtabwbtynt,bfy
rtynb [fhbc[bc fkut,hek ufynjkt,fc fmdc thsb vfbyw
yfvldokb atcdb.

vfhskfw, 5.6 stjhtvblfy ufvjvibyfhtj,c, hjv fcts
ufynjkt,fc ithdkt,f fhfyfvldbk (ofhvjcf[dbs) atcdsf
vijkjl keob hfjltyj,f snjyltc. [

Ifdifkjs yfvldokrjtabwbtynt,bfyb vhfdflkcotdhb
ohabd vfvhfdkt,fl:

P2 a(z )z )% (z z,)". (5.6)
se gltkf atcdb z,,z,,..z yfvidbkbf, vfiby (5.6)

m

ofhvjflutyc yfvldbkrjtabwbtynt,bfy p(z) vhfdfkkotdhbc

Ifikfc ohabd vfvhfdkt,fl. Ifdeidfs, z,,z,,.,z, atcdt,c

ijhbc fhct,j,c fhfyfvldbkbw. gsmdfs, z, i (0
ths-thsb fctsb atcdbf, vfiby 56 stjhtvbc sfyf[vfl
2,,Z,,...Z,, hbw[dt,c ijhbc bfhct,t,c z; hbw[dbc

itegkt,ekb hbw[db 1z, i. uflfdfvhfdkjs (5.6)

J

Ifikbc itcf,fvbch sfyfvfvhfdkt,b (z z)(z z)):
(z 2)(z z;) 2° (3, z))z zyz; 2° 2 2 % 2. (5.7)

se itvjdoqt,s 2 p If 2 % g fqgybidyfc, (5.7)
njkj,f vbbqt,c 1tvitu cf[tc:

2

(z z,)(z z;) =7 pz q,

cflfw p If q yfvldokb hbw[dt,bf If p> 4q O.
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fvhbufl. Ifvnrbwlf itvitub stjhtvf,

MIMHIFS 5.8 gjdtkb yfvldokrjtabwbtynt,bfyb p(z)
vhfdfkotdhb ithokt,f Ifbifkjc yfvidokrjtabwbtynt,bfy
vhfdfkotdhsf yfvhfdkfl, hjvtksft [fhbc[b jhc fh
fqtvint,f:

P@) a@ 2)".@ 2)°@ pz @) @ pz q) 69
cflfw
Ag.Zy,eZg PyiOpy Pty Ry Ky ko byl N,
p? 4q, O (i 1..t). O
vifufkbsfl, se

p(z) 4z* 8z° 722 2z 2,

vfiby, hjujhw fldokfl vjovit,f,
1 1

p(z) 4z 5 13 (z° 2z 2).
erfyfcrytkb sfyfvfvhfdkb (z2 2z 2) ofhvjflutyc rdfl-
hfnek cfvotdhc, hjvkbc Bbcrhbvbyfynb D 4 8 4 0.

svbnjv be yfvldbkrjtabwbtynt,bfy ohabd vfvhfdkt,fl fh
bikt,T.
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Il SFDB. VFNHBWSF FKUT,HF LF OHABD
FKUT,HEK UFYNJKT,FSF CBCNTVT,B

vifnhbwf ufybcfpqdht,f hjujhw hbw[dt,bcfufy
itlutybkb vfhsres[jdfyb w[hbkb (b[. 86). ntmybreh
Ifhut,ib vfnhbwt,bc cfiefkt,bs [I1t,f c[dfifc[df cf[bc
byajhvfwbbc fghbw[df BIf ityf[df. ufhlf fvbcf, ,tdhb
cfby;byhj fvjwlyf 1o dfyt,f ohabd fkut,hek
ufynj kt,fsft cbhentvfpt, [jJkj fctsb cbentvt,bc xfothf If
fvj[cyf vjcf[th[t,tkbf vfnhbwekb cf[bs. fqgybiyek
fvjwfyt,c  vbtresdyt,f, vfufkbsfl, velvhdb 1tybc
tktnnhjohtlbc fyfkbpbc fvjwfyf (b[. 814). vfnhbwsf
styhbf ufvjb tyt,f fuhtsdt cbuyfkbc fghjmcbvfwbbc
fvjwfyt,ib, hflbjchuyfkbc  fyfkbphbc Ihjc [ibh
itvs[dtdfib vbpfyitojybkbf hsekb fut,ekt,bc chuyfkbc
vbf[kjt,f (fghjmcbvfwbf) eahj vfhnbdb chuyfkt,bc

cfiefkt,bs. fctsb cf[bc fvjwfyt,bc fvj[cyf Ifb dfyt,f
ohahd fkut,hek ufynjkt,fst chcntvt,bc fvj[cyfpt (b[.
87 If 814). hf smvf eylf, fqybiyekb cfrbs[t,bs fh
itvybathukt,f  vfnhbwt,bc if ohabd fkut,hek
ufynjkt,fsf cbcntvt,bc stjhbbc ufvj tyt,f cfby;byhj
vtwybtht,t, ib.
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86. vfnhbwbc wyt,f. ohabdb jgthfwbt,b
vinhbwt, pt

dsmdfs, a;(1 12,..,m;j 12,..n) ufhrdtekb

hbw[dt,bf yfvidbkb fy rjvgktmcehb. itdflubyjs fv
hbw[dt,bcfufy vfhsres|[jdfyb w[hbkb

ay ap, &
a a a

A 21 2 2n
a a a

fcts w[hbkc tojlt,f m n ufypjvbkt,bc vfnhbwf. m
fhbc cnhbmjyt,bc hfjltyj,f, [Jkj n- cdtnt,bcf.
itdybiyjs, hjv vinhbwf fgbybiyt,f fuhtsdt fct:

a1 a8 a1n

A Q1 A aon
A Am &mn

fy

a1 8y ain

A A aon
Am 8ma &mn

viufkbsfl,

A 2 6 1 (6.1)

30 43
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fhbc 2 3 ufypjvbkt,bc vfnhbwf, hflufy bc jhb
cnhbmjybcf If cfvb cdtnbcfufy itlut,f.

a; tktvtynbc byltmct,b i If j vbesbst,c

i
itcf,fvbcfl bv cnhbmjybcf If cdtnbc yjvht,c, hjvkt,cfw
tresdybc tc tktvtynb. vfufkbsfl, (6.1) njkj,bs vjwtvek

A vinhbwfib a, 6, JkjJ a, 3.

itdybiyjys, hjv vifnhbwf fhbc v[jkjl w[hbkb If
vfc fhfdbsthb hbw[dbsb vybidytkj,f fh vbtotht,f.

m n ufypjvbkt,bc vfnhbwfc [ibhfl
cbvjrkbcfsdbc fqybiyfdty fctt A (a;),,. thsb If bvfdt
ufypjvbkt,bc jh A (a;),, If B (aj)nn VFnhbwfc
tojIt,f njkb, se vfsb itcf,fvbch tktvtynt,b njkbf, tb.
a; by (i L2..m;j 12..n).

1]

ufycfpqdht,f. se A vfnhbwbc cnhbmjyt,c xfdoths

cdtnt,fl, vbdbqt,s nhfycgjybht,ek A" vfnhbwfc:

a1 Ay amy
AT dp Ay am2
a1n a2n amn

A vfnhbwbc nhfycgjybht,ekb vfnhbwf fgbybiyt,f
fuhtsdt A cbv, jkjsbh.

viufkbsfl, (6.1) njkj,bs vjwtvekb vfnhbwbc
nhfycgjybht,ekb vfnhbwff
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3
A 6 0 .

1 43
ufycfpqdht,f. vfnhbwfc, hjvtkbw itlut,f thsb
cnhbmjybcfufy, cnhbmjy-vfnhbwf toj It,T:
A a a,..a,.
ufycfpqdht,f. vfnhbwfc, hjvtkbw itlut,f thsb
cdtnbcfufy, cdtn-vfnhbwf toj It,T:

w[TIbf, cnhbmjy-vfnhbwbc nhfycgj bht,ekb
vfnhbwf fhbc cdtn-vfnhbwf If gbhbmbs, cdtn-vfnhbwbc
nhfycgjybht,ekb vfnhbwf cnhbmjy-vfnhbwff. vfufkbsfl,

se
A 231,

AT

se m n, th. A vfnhbwbc cnhbmjyt,bc hbw[db vbch
cdtnt,bc  hbw[dbc njkbf, vfiby vfnhbwfc tojlt,f
rdflhfnekb, [Jkj n hbw[dc fv rdflhfnekb vfnhbwbc

hbub.
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viufkbsfl,

5 2
A 6.2
4 1 (62)

fhbc vtjht hbubc rdflhfnekb vfnhbwf.

rdflhfnekb
a1 A an
8y ap aon (6.3)
anl anZ ann

vfnhbwbc a;,a,,...,a, tktvtynsf thsj,kbj,fc tojlt,f

vfnhbwbc vsfdfhb Bbfujyfkb. (6.2) njkj,bs vjwtvek A
vinhbwbc vsfdfhb [Ibfujyfkb 5 [If 1 hbw[dt,bcfufy
ithut,f.

ufycfpqdht,f. rdflhfnek A vfnhbwfc tojlt,f
cbvtnhbekb, se A" A.

fv ufycfpqdht,blfy ufvjvibyfhtj,c, hjv
cbvtnhbekb (6.3) vfnhbwbcfsdbc cheklt,f njkj,.f a; a;

ji
(i,j 12,..,n), th. cbvtnhbekb A vfnhbwbc tktvtynt,b
cbvtnhbekfl fhbfy ufykfut,ekyb vfnhbwbc vsfdfhb
Ibfujyfkbc vbvfhs. viufkbsfl,

5 0 2
A 0 1 4
2 4 3

fhbc vtcfvt hbubc cbvtnhbekb vfnhbwt.
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ufycfpqdht,f. se rdflhfnekb vfnhbwbc dtkf
tktvtynb, hjvtkbw fh vit,fhtj,c vsfdfh Ibfujyfkpt, ye-
kbc nj kbf, vfiby vfnhbwfc Ibfujyflkkehb tojIt,T.

Ibfujyfkeh vfnhbwfc fmdc itvitub cf[t:

a,; O 0
A 0 ay 0
0 0 ann
viufkbsfl,
30 O
A 01 O
00 4

thbc vtcfvt hbubc Ibfujyfkehb vifnhbwf.
[ibhfl Ibfujyfkeh vfnhbwfc fqybiyfdty fct:

ufycfpqdht,f. Ibfujyfkkeh vfnhbwfc, hjvkbc
vsfdfh Ibfujyfkpt viujvb dtkf tktvtynb thsvfytsbc
njkbf, tojIt,f crfkfhekb:
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"0

ufycfpqdht,f. Ibfujyfkeh vfnhbwfc, hjvkbc
vsfdfh Ibfujyfkpt viujvb dtkf tktvtynb thsbc njkbf,

tojIt,f thstekjdfyb vfnhbwf If fgbybiyt,f E fy |
cbv, jkjsb

0

1

"0

ufycfpqdht,f. vfnhbwfc, hjvkbc dtkf tktvtynb
yekbc njkbf, tojlt,f yekjdfyb If fgbybiyt,f O

cbv, jkjsb
0 0 .. 0
0 0 0 0
0 0 .. 0
ufycfpqdht,f. A a iIf B

i mn i mn

vfnhbwfsf fwb tojlt,f bcts C C; vfnhbwfc, hjvkbc
mn

Jdtkb c; tktvtynb A If B vfnhbwt,bc itcf,fvbch a; If

b tktvtynt,bc fvbc njkbf: c¢. a. b, (i 12..m;

ij 1] 1] 1]
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j 12,..n). A IfB vfnhbwt,bc fvb fgbybiyt,f A B
cbv, jkjsb.
vfufkbsfl, se

2 13 6 3 21
A ] B )
1 38 7 0 40
vfiby
26 13 3 21 4 4 24
A B
17 30 8 40 6 3 32
ufycfpqdht,f. A a, vfnhbwbc k hbw[dpt

 mn

yfvhfdkb tojlt,f bcts C ¢ __ vinhbwfc, hjvkbc

Jdtkb ¢; tktvtynb A vfnhbwbc itcf,fvbcb a; tktvtynbc

If k hbw[dbc yfvhfdkbc njkbf:
c. k a;; (i 12,...m;j 12,..n).

1]

viufkbsfl, se

4 0
A ’
6 2
vfiby
12 0
3A .
18 6

fqdybiyjs, hjv vinhbwst itrht,bc If vfnhbwbc
hbw[dpt ufvhfdkt,bc  jgthfwbt,c tojlt,f ohabdb
Joathfwbt,b.
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E(m,n)-bs fqdybiyjs m n ufypjvbkt,bc dtkf
vfnhbwbc chvhfdkt.

cfdfh bij 6.1. Iffvnrbwts, hjv E(m,n) cbvhfdktib
ufycfpqdhekb ohabdb jgthfwbt,b frvf jabkt,c itvitu
gbhj,t,c. AB,C E(mn) If k,I R.
1. A B B A (rjvenfwbehj,f);
2. (A B) C A (B C) (fcjwbfwbehj,¥);
3. A 0 A;
4. A (DA 0;
5.1 A A;
. (KHA  k(A);

[o2]

7. (k DA kA 1A;

8. k(A B) kA kB (BIbcnhb,ewbekj,f);
9. (A B A" BT;

10. (kA)" KA.

Vj dfybkb njkj,t,blfy ufvjyvlbyfhtj,c, hjv
vinhbwst itrht,bc jgthfwbf rjvenfwbehbf (njkj,f 1) If
fcjwbfwbehb (njkj,f 2), [ kjJ yekjdfyb 0 vfnhbwf E(m,n)
cbvhfdktib fchekt,c bvfdt hjkc, hfcfw hbw[db 0
yfvldbk hbw[dsf cbvhfdktib. fqdybiyjs fuhtsdt, hjv
( DA vfnhbwfc tojlt,f A-c vjgbhlfgbht If fgbyblyt,f

A chv,Jkjsb. vt-4 njkj,bc sfyf[vfl, A ( A) 0.
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fqybiyekb sdbct,t,blfy ufvjvibyfhtj,c fuhtsdt, hjv
E(m,n) cbvhfdkt itrht,bc jgthfwbbc vbvfhs ofhvjflutyc
f,tkeh (rjvenfwbeh) ueac (b[. Il yfo.).

§7. vfnhbwt,bc yfvhfdkb

smdfs, n abmebht,ekb yfnehflkkehb hbw[dbf. !

il
cbv,jkjsb vfstvfnbrfib fgbybiyt,f a ,a,,...,a, tktvtynt,bc
(hbw[dt,bc) fvb, t.b.

n

a.

.oa, a, a, . (7.1)

i1

i-c tojlt,f f fvdbc byltmcb, bc ufbh,tyc dtkf
yfnehfkeh wybidytkj,fc 1-Ify n-vit. F fvdbc byltmch
ith kt,f ithwdfkjc yt,bcvbthb c[df fcjsb. fvbs (7.1)
njkj,bc ibyffhch fh itbwdkt,f:

n n

a.

i
il k1

a, a a, a, .

itdybiyys fuhtsdt, hjv pjubths itvs[dtdfib f fvdbc
byltncbc fsdkf bo t,f fhf thsblfy, fhfvtl c[df
yfnehfke hb hbw[db I fy. vfufkkbsfl,
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n n
1 ka, k & ;
il il
n n n
2 (& b) g b, ;
il il il
n m m n
3 a;; a;;
i1 j1i1

itdfvjovljs vfufkbsfl, vtjht njkj,f (cbvfhnbdbcfsdbc
fdbgjs n 3).

3

(ai bl) (al bl) (aZ bZ) (a3 b3)

il

3 3

(&, a, a) (b b, b 3

i [
i1 il

cfdfh bij 7.1 itdfvjovjs Ifyfhxtyb jhb njkj,bc
vfhst,ekj, T
ufycfpqdht,f. A [a;l,, If B [b;],, vfnhbwt,bc

yfvhfdkb tojlt,f bcts C [c;], , vfnhbwfc, hjvkbc

Jdtkb tktvtynb ufybcfqdht,f njkj ,bs:

Ci by (i 1L2..m;j 12...p). (7.2)

k1
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A If B vfnhbwt,bc yfvhfdkb fqgbybiyt,f AB
cbv,jkjsb. vhdfmwhjs ehflqgt,f bvfc, hjv A vfnhbwbc
(t.b. gbhdtkb vfnhbwbc) cdtnt,bc hbw[db B vfnhbwbc (t.b.
vtjht vfnhbwbc) cnhbmjyt,bc hbw[dbc njkb eylf b jc.

bvbcfsdbc, hjv ufcfut,b uf[ltc AB vfnhbwbc
fut,ekt,f, uflfdothjs (7.2) njkj,f ufikbkb cf[bs:

C;  auby;  a,by; &by - (7.3)

hflufy (7.3) njkj,bc vfh dtyf yfobkib vliujvb a,,a;,.....a;
tktvtynt,b flutyty A vfnhbwbc i-eh cnhbmjyc, [JKj
b;.0yj,a, tktvtynt,b B-vfnhbwbc j-eh cdtnc, fmtlfy
itudb kbf [Ifdfcrdyfs, hjv AB vfnhbwbc c; tktvtynbc
vbcfqt,fl gbhdtkb vfnhbwbc i-ehb cnhbmjybc  jdtkb
tktvtynb eylf ufdfvhfdkjs vtjht vfnhbwbc j-ehb cdtnbc
itcf,fvbc tktvtynpt If vbqgt,ekb yfvhfdkt,b itdrhb,js.
w[flbf, fctsyfbhfl fut,ek AB vfnhbwfib bmyt,f bvityb
cnhbmjyb, hfvitybw fhbc gbhdtk vfnhbwfib, If bvityb
cdtnb, hfvltybw fhbc vtjht vfnhbwfib.

VFUFKBSB 1. dbgjdjs

3 1 4 2 3
A iIf B 4
2 7 0 6

vfnhbwt,bc yfvhfdkb.
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FVJI[CYF hflufy A vfnhbwbc cdtnt,bc hbw[db
(cfvb) tvs[dtdf B vfnhbwbc cnhbmjyt,bc hbw[dc, fvbnjv
AB yfvhfdkb fhct,j,c. AB vfnhbwbc c; (i 12/ 12)
tktvtynt,bc ufvjcfsdktkfl dbocthut,kjs (7.3)
ajhvekbs:

c, ayb, a,b, asb, 32 (1)1 45 25;

c, apb, a,b, asb, 3(3) (1) (4 46 19;

C, ayb, ayb, axh, 22 71 05 3;

Cp ayb, ayb, ayb, (2)(3) 7(4) 06 22.
fvhbufl,

Cy Cyp 25 19

AB .
Cy Cy 3 22

(7.4)

dbgjdjs f[kf BA yfvhfdkb (tc yfvhfdkbw fhct,j,c,
hflufy B vfnhbwbc cdtnt,bc hbw[db (Jhb) elhbc A
vfnhbwbc cnhbmjyt,bc hbw[dc):

2 3
3 14

BA 1 4
2 7 0

5 6

23 (3 (2 2(D (37 24 (30
13 (4 (2 1(1) (47 14 (40
53 6(2 5(1) 67 5460

12 23 8
11 29 4 . (7.5)
3 37 20
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ITYBIDYF. se itdflfht,s (7.4) If (7.5) njkj,t,c,
vbdbgt,s, hjv AB BA, tb. vfnhbwsf yfvhfdkbc jgthfwbf
th fhbc rjvenfwbehb.

cfdfh bij 7.2 itfvjovts itvitub njkj,t,bc
vfhst,ekj,f (buekbc[vt,f, hjv AB,C,E If 0 vfnhbwt,c
fmds itcf,fvbch ufypjvbkt,t,b):

AE EA A, (A B)C AC BC, A(B C) AB AC,

(AB)C A(BC), 0A A0 0, (AB) B'A".

ITYBIDYF. fv cfdfh bijlfy If obyf gfhfuhfabc
,JKjc ufrtst,ekb itybidyblfy ufvjvibyfhtj,c, hjv
yt,bcvbthb n-sdbc rdflhfnek vfnhbwsf E(n,n) cbvhfdkt
ofhvjflutyc hujkc (b[. Il yfo.).

rfdibhuf,vekj,bc fvjwfyt,ib cbhuyfksf fyfkbpbcfc
[ibhfl cfzbhj [It,f itlfht,bs hsekb fut,ekt,bc
cbuyfkbc fghjymcbvfwbf (vbcb vbf[kjt,f) vhfdfkotdhbs.
viufkbsfl, f(t) cbuyfkbc fghjmcbvfwbf vtjht [fhbc[bc
vhfdfkotdhbs ybiyfdc f(t) aeymwbbc ofhvj lutyfc itvltub
cf[bs:

f(t) a, at a,t?, (7.6)
cflfw a,,a,,a, vhfdfkkotdhbc rjtabwbtynt,bf, hjvkt,bw

eylf vjb t,yjc (yf[. 7.1).
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Y

y=agta;t+ atis

(0] to t1 t, T
yf[. 7.1
cfpjufljl, bvbcfsdbe, hjv wfkcf[fl ufybcfpqdhjc
vtight [fhbc[bc vhfdfkkotdhb, eylf dowjlts vhch
vybidytkj,f cfv ufyc[dfdt,ek othnbkib. se tc
othnbkt,bf itcf,fvbcfl t,,t; If t,, vfiby (7.6)-bc
itcf,fvbcfl itudb kbf Ifdothjs

f (tO) aO altO aZtg
f(t,) a, at, a,t? . (7.7)
f (tZ) aO altZ a2t22

itvydbgjs fqybidyf

f(t,) 1t tg Ay
Foft), T 1t t2,A a . (7.8)
f(t,) 1t t a,

w[flbf, fcts fqybidyt,ib (7.7) cbcentvf ith kt,f
uflfbothjc 1tvltub cf[bs:

F TA. (7.9)
vbat,ek vinhbwek njkj,fib A fhbc ewyj,b vifnhbwf (fv
vfnhbwbc a,,a,,a, tktvtynt,b vhfdflkkotdhbc cf bt,tkb
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rjtabwbtynt,bf). fvbc wtcf,fvbcfl, (7.9) cf[bc vfnhbwek
njkj,fc eojIt,ty vinhbwek ufynjkt,fc, hjvtkcfw vt-11
gfhfuhfaib itdbcofdkbs.

88. vtjht If vtcfvt hbubc Itnthvbyfynt,b.
bhbsflb sdbct,t,b. n ehb hbubc Itnthvbyfynb

ufycfpqdht,f. smdfs, vjwtvekbf vtjht hbubc
rdflhfnekb vfnhbwf

A all alZ
a21 aZZ

aja, aya, hbw[dc tojlt,f A vfnhbwbc Itnthvbyfynb If

fgbybiyt, T detA, |A| Ty

all a12

cbv, jkjsb.
fvhbufl, vtjht hbubc BItnthvbyfynb ufybcfpqdht,f
njkj,bs:

viufkbsfl,

26 5) 3 27.
56‘ (5)
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all a12

cfdfh bij 8.1. Iffvnrbwts, hjv se 0,

a, a,
vfiby fv Itnthvbyfynbc cnhbmjyt,b (cdtnt,b)
ghjgjhw ekbf.

itdybiyjs, hjv gbhdtkb hbubc A a vfnhbwbc

1tnthvbyfynfl vbqt,ekbf sdbs a hbw[db, tb. |a a.

ufycfpqdht,f. smdfs, vjwtvekbf vtcfvt hbubc
rdflhfnekb vfnhbwf

all a12 a13
A a21 a22 a23
a31 a32 a33

If a; fv vfnhbwbc yt,bcvbthb tktvtynbf. fvjdifkjs A
vfnhbwfib i-ehb cnhbmjyb If j-ehb cdtnb, t.b. bc cnhbmjyb
If bc cdtnb, hjvtksf sfyfrdtsfpt vit,fhtj,c tc

tktvtynb. fvjikbc itltufl vbqgt,ekb vtjht hbubc
vfnhbwbc Itnthvbyfynb fgdybiyjs M;-sb. M; hbw[dc

ij
toj It,f a; tktvtynbc vbyjhb, [jkj A; ( 1)''M; hbw[dc
fvfdt tktvtynbc fkut,hekb 1fvfnt,f.

VFUFKBSB 1. dogjdjs

A 3 1 3 (8.1)
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vfnhbwbc a,,a, If a, tktvtynt,bc vbyjht,b 1If
fkut,hekb Ifvfnt,t,b.
FVJ3IILCYF M, vbhyjhbc ufvjcfsdktkfl A

vinhbwfib fvjdifkjs gbhdtkb cnhbmjyb I gbhdtkb cdtnb:
1 3
Mn‘z j‘1(1)(2)3 5.

fyfkjubehfl, gbhdtkb cnhbmjybc If vtjht cdtnbc
fvj i kbs vbbqt,f vbyjhb

3

M., ‘ 311 (3) (1) 23 3.

fctsbdt otcbs ufvjbsdkt,f a, tktvtynbc vbyjhb

3 1
2 2

itcf,fubch ficut,hekb Ifvfnt,t,bf
All ( l)llMll Mll 5’

M13

(3)(2 21 4.

AlZ ( 1)12M12 MlZ 3’
A13 ( 1)13M13 M13 4.

ufycfpqdht,f. smdfs, vjwtvekbf vtcfvt hbubc
rdflhfnekb vfnhbwf

all a12 a13
A a21 aZZ a23 .

a A, ayA, ajzA; hbw[dc  tojlt,f A vfnhbwbc
Ltnthvbyfynb If fobybiyt,f detA, | fy
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all alZ a13
aZl aZZ a23
a31 a32 a33
cbv, jkjsb.
fvhbufl, vtcfvt hbubc Itnthvbyfynb ufybcfpqdht,f

njkj,bs:
all alZ a13
aZl aZZ a23 all All alZ AlZ a13 A13 ' (8 2)
a31 a32 a33

VFUFKBSB 2. ufvjdsdfkjs (81) njkj,bs
vjwtvekb A vfnhbwbc Itnthvbyfynb

1 0 4
3 1 3
2 2

FVJTILCYF se docfthut,kt,s obyf vfufkbsib
xfnfht,ekb ufvjsdkt,bs, vbdbqgt,s:
15 03 44 21.
(8.2) ajhvekfc vbdwts c[df cf[t:

det A a, A11 a,;, A12 a3 A13

all (aZZ a33 a32 a23 ) alZ (a21a33 a31a23 ) a13 (a21 a32 a31a22 )
allaZZ a33 alZ a31 a23 a13 aZl a32 all a32 a23 alZ aZl a33 a13 a31 aZZ :
cf,jkjjl dgt,ekj,s, hjv  vtcfvt hbubc

Itnthvbyfynb ith kt,f ufybcfpqdhjc njkj,bs:
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all a22 a33 alZ a23 a31 a21a32 a13
a31a22 a13 a21a12 a33 a32a23 all ’ ( 83)

hfw cmtvfnehfl fcf[ekbf 8.1 yf[fppt:

e, o2 LR 0O

N e, \ ,>\ \

A 3 7\/?

- \ ~
g,/ 0 + 0 g\ & 0
NPTl Xl

sy ’ N 4 \ ~
Q- o (o4 o o

yf[. 8.1

VFUFKBSB 3.  ufvjdsdfkjs obyf vfufkbsib
vj dfybkb Itnthvbyfynb (8.3) ajhvekbc cfiefkt,bs:

FVI[CYF.

11( 1) 032 (3)( 24 214 (3)0(1 (23121

vjdb dfyjs vtght If vtcfvt hbubc Itnthvbyfynbc
bhbsflb sdbct,t,b. dtkf fv sdbct,bc vfhst,ekjy,f
(ufhIf vt-11 sdbect,bcf) ith kt,f itvjovltc eiefkjl (8.3)
ajhvekbc ufvj tyt,bs.

sdbct,f 1. Itnthvbyfynb fh ithwdkt,f, se

vjdf[Itys vbc nhfycgjybht,fc, t.b.
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a, a, a,| |a; a, ay
Ay 8y x| [8p 8y, Ayl
8y @8z Ag| [ 8y Ag
fmtlfy ufvjvlbyfhtj,c, hjv Btnthvbyfynbc dtkf
sdbct, T, hjvtkbw vfhst,ekbf cnhbmjyt,bcfsdbc,
vfhst,ekb bmyt,f fuhtsdt cdtnt,bcfsdbe.
sdbct, T 2. Itnthvbyfynbc yt,bcvbthb cnhbmjybc (fy
cdtnbc) tktvtynt,bc vfs  fkut,hek Ifvfnt,t,pt
yfvhfdksft fvb vjwtvekb Itnthvbyfynbc nj kbf.
viufkbsfl, se Itnthvbyfync Ifdikbs vtjht
cdtnbc vb[tldbs, vbdbgt,s:
a, a, a5

a21 a22 a23 a12 A12 a22 A22 a32 ASZ .
a31 a32 a33

sdbct,f 3. Itnthvbyfynbc yt,bcvbthb cnhbmjybc

(cdtnbc) tktvtynt,bc c[df hjvtkbvt cnhbmjybc (cdtnbc)
itcf,fvbch tktvtynt,bc fkut,hek Ifvfnt,t,pt yfvhfdksf

fvb yekbc nj kbf.

viufkbsfl, ag A, a,A, azA, 0, hflufy
Itnthvbyfynbc  gbhdtkb  cnhbmjybc  tktvtynt,c  fm
dfvhfdkt,s fhf vfs fkut,hek Ifvfnt,t,pt, fhfvtl vijht

cnhbmjybc itcf,fvbch tktvtynt,bc fkut,hek Ifvfnt,t,pt.
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sdbct,f 4. yt,bcvbthb jJjhb cnhbmjybc (cdtnbc)
ehsbthsuflfyfwdkt,bs Itnthvbyfynb v[jkjl ybifyc
bwdkbc.

viufkbsfl,

all alZ a13 a21 aZZ a23
a21 aZZ a23 all alZ a13
a31 a32 a33 a31 a32 a33

(fm uflfyfwdkt,ekbf gbhdtkb If vtjht cnhbmjyb).

sdbct,f 5. se Itnthvbyfynbc hjvtkbvt cnhbmjybc
(cdtnbc) dtkf tktvtynb yekbc njkbf, vfiby Itnthvbyfynb
yekbc nj kbf.

vfufkbsfl, itudb kbf gbhlfgbh Ifdothjs, hjv

2 17 13
0 0 0] O,
5 71 19

hflufy fv Itnthvbyfynbc vtjht cnhbmjybc dtkf tktvtynb
yekbc nj kbf.

sdbct,f 6. Itnthvbyfynbc yt,bcvbthb cnhbmjybc
(cdtnbc) tktvtynt,bc cfthsj vivhfdkb ith kt,f
ufdbnfyjs Itnthvbyfynbc ybiybc ufhts.

viufkbsfl,



(vtjht cdtnblfy ufnfybkbf cfthsj vivhfdkb 4).

sdbct,f T7.se Itnthvbyfynbc hjvtkbvt jhb
cnhbmjybc (cdtnbc) itcf,fvbch tktvtynt,b thsvfytsbhc
nj kbf, vFfiby Itnthvbyfynb yekbc njkbf.

31 7 58
7 3 13 0,
31 7 58

hflufy fv Itnthvbyfynbc gbhdtkb If vtcfvt cnhbmjyb
thsvfytsbc nj kbf.

sdbct,f 8 se Itnthvbyfynbc hjvtkbvt jJhb
cnhbmjyb (cdtnb) ghjgjhwbekbf, vFiby Itnthvbyfynb yekbc

nj kbf.
viufkbsfl,
2 28 4
4 31 8| 0,
7 11 14

hflufy fv ltnthvbyfynbc gbhdtkb If vtcfvt cdtnb
thsvfytsbc ghjgjhwbekbf (ghjgjhwbekj,bc rjtabwbtynb

k 2).

sdbct,f 9. se Itnthvbyfynbc hjvtkbvt cnhbmjybc
(cdtnbc) dtkf tktvtynb ofhvjlutybkbf jhb itcfrht,bc

cflbs, vfiby sdbs Itnthvbyfynbw ofhvjblubyt,f
itcf,fvbcbh Itnthvbyfynt,bc fvbc cf[bs.

fv sdbct,bc sfyf[vfl,
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all bll alZ blZ a13 b13 all alZ a13 bll blZ b13
a21 aZZ a23 a21 aZZ a23 a21 aZZ a23 .
a31 a32 a33 a31 a32 a33 a31 a32 a33

sdbct,f 10. se Itnthvbyfynbc hjvtkbvt cnhbmjybc
(cdtnbc) jdtk tktvtync vbdevfnt,s hjvtkbvt c[df
cnhbmjybc (cdtnbc) itcf,fvbc tktvtync, ufvhfdkt,ekc
thscf If bvfdt hbw[dpt, vfiby Itnthvbyfynb fh 1tbwdk,T.

fv sdbct,bc ufvj tyt,bc cfbkkecnhfwbj I
ufvjdsdfkjs vt-2 vfufkbsib vj dfybkb Itnthvbyfynb

1 0 4
3 1 3
2 2

eylf dtwfljs bct ufhlfdmwwyfs BItnthvbyfynb, hjv vbch
hjvtkbvt cnhbmjybc fy cdtnbc dtkf tktvtynb, ufhlf
thsbef, uf[Itc yekbc njkb. xdtyc itvs[dtdfib tc fldbkb
ufcfrtst,tkbf, vfufkbsfl, vtjht cdtnbcfsdbc (fv cdtnib
fhbc thsb yekjdfyb tktvtynb). fvbcfsdbc Btnthbyfynbc
vtcfvt cnhbmjybc tktvtynt,c vbdevfnjs 2-pt
ufvhfdkt,ekb vtjht cnhbmjybc itcf,fvbch tktvtynt,b:

1 0 4 1 0 4
3 1 3 31 3.
2 2(3 221 123 405
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vbat,ekb Itnthvbyfynb Ifdifkjs vtjht cdtnbc vb[tldbs
(t.b. bv cdtnbc vb[tldbs, hjvkbc dtkf tktvtynb, ufhlf
thsbef, yekbc nj kbf) If ufvjdsdfkjs vbqt,ekb fvb:

1 4
aphy  Aphy AnAy “ ‘ 21.

4 5

ITLTUB. Itnthvbyfynbc vybidytkj,f fh itbhwdkt,T,
se vbch hjvtkbvt cnhbmjybc (cdtnbc) tktvtynt,c
ufvjdfrkt,s c[df hjvtkbvt cnhbmjybc (cdtnbc) itcf,fvbc

tktvtynt,c.

Ifevnrbwt,kfl vjdb dfyjs BItnthvbyfynbc rbltd
thsb sdbet, T.

sdbct,f 11. se A If B thsb If bvfdt hbubc

rdflhfnekb vfnhbwt,bf, vfiby
det(AB) det A detB,

t.b. vfnhbwfsf yfvhfdkbc Itnthvbyfynb fv vfnhbwt,bc

1tnthvbyfynt,bc yfvhfdkbc njkbf.

vtcfvt hbubc Itnthvbyfynb xdty ufydcfpqdhts vtjht
hbubc 1tnthvbyfynt,bc (fkut,hekb Ifvfnt,t,bc)

cfiefkt,bs. fyfkjubehfl, vtjs[t hbubc Itnthvbyfynb

ufybcfpqdht,f vtcfvt hbubc Itnthvbyfynt,bc cfiefkt,bs
(fkut,hekb Ifvfnt,t,b fcts itvs[dtdfib ufhrdtekb

ybiybs fqt,ek vtcfvt hbubc vbyght,c ofhvjflutyc), vt[est
hbubc Itnthvbyfynb vtjs[t hbubc Itnthvbyfynt,bc
cfiefkt,bs If fi. pjuflfl, n-ehb hbubc Itnthvbyfynb
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ufybcfpqgdht,f bylemwbbs n 1 hbubc Itnthvbyfynt,bc
cfiefkt,bs:

a;; A ay, i

S Ban apnAy apAp ayn A _ ayi Ay

Ay ano ann -

cflfw jdtkb A; fhbc a; tktvtynbc fkut,hekb Ifvint,f

(t.b. ufhrdtekb ybiybs fqt,ekb n 1 hbubc vbyjhb).

itdybiyjs, hjv  vtjht If vtcfvt hbubc
1tnthvbyfynbc dtkf ptvjs xfvjsdkbkb  sdbet,f
vfhst,ekbf yt,bcvbthb hbubc Itnthvbyfynbcfsdbe.
VFUFKBSB 4. ufvjdsdfkjs vijs[t hbubc
1tnthvbyfynb
4 3 3 1
3 4 3 2
321 4
2 4 2 3

FVJI][CYF gbhdtk cdtnc ufvjdfrkjs vtcfvt,
itvltu vtcfvt cnhbmjyc vbdevfnjs gbhdtkb, ufvhfdkt,ekb

(-2)-pt, If vbgt,ekb Itnthvbyfynb [Ifdifkjs gbhdtkb
cdtnbc vb[tldbs;
1 3 3 1
4 3 1 3 20 [0 2 4
0 4 3 2
0 4 5 2 5 241 5 2041 5 28
4 2 1 2 3 |0 35
0 4 2 3
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ufycfpqdht,f. smdfs, X, Xy, X, yE,bevbthb

yfvldokb hbw[dt,bf. n-ehb hbubc

1 1 1

Xl X2 Xn

2 2 2

n Xl X2 Xn

1tnthvbyfync toj It,f dfylthvjylbc Itnthvbyfynb.
n-bc vbvfhs bylemwbbs ith kt,f Ifvnrbwltc, hjv
n (XZ Xl)(X3 Xl) (Xn Xl)(X3 XZ)(X4 XZ)

X, X)) Xy Xy )

tc njkj,f ith kt,f xfbothjc fuhtsdt
" (x; x) (8.4)

1ijn
cf[bs, cfifw ufvhfdkt,bc cbv,jkjf.

ITLTUB 82. se Xx; x (i

j), vfiby dfylthvjylbc

1tnthvbyfynb 0.

n

hjwf n 3, vfiby (84) njkj,f vbbgt,c itvitu

cf[tc:

1 1 1

X1 Xz X3 (Xz X1)(X3 X1)(X3 Xz)' (85)
X X; X3

cfdfh bij 8.3. Iffvnrbwts (85) njkj,T .
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VFUFKBSB 5. ufvjsdfkts Itnthvbyfynb
111
2 3 4].
4 9 16

FVJILCYF hflufy fhbc dfylthvjylbc vtcfvt
hbubc  Itnthvbyfynb  (x, 2,x, 3,x; 4), Tfvbnjv (8.5)
ajhvekbc sfyf[vfl,

B 24 2)4 3) 2.

89. i1t,heyt,ekb vfnhbwf

ufycfpqdht,f. smdfs, A rdflhfnekb vfnhbwff. B
vinhbwfc toj It,f A vfnhbwbc i1t,heyt,ekb, se
AB BA E, (9.1)
cflfw E thstekjdfyb vfnhbwff.
cfdfh bij 9.1 Iffvnrbwts, hjv, se fhct,j,c A

vfnhbwbc i1t,heyt,ekb vfnhbwf, vfiby bc thsflthsbf.
A vfnhbwbc i1t,heyt,ek vfnhbwfc (se bc fhct,j,c)

fqybiyfdty A ' chv, jkjsh.

cfdfh bijy 92 [Iffvnrbwts, hjv A * A If
(AB) ' B'A'.

ufycfpqdht,f. rdflhfnek A vfnhbwfc tojlt,f

fhfuflfudfht,ekb (fy fhfufycfresht,ekb), se detA 0.
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STIHTVF 93. bvbcfsdbc. hjv rdflhfnekb A
vfnhbwbcfsdbc fhet,j,Itc it,heyt,ekb A' vfnhbwf,
fewbkt,tkbf If cfrvfhbch, hjv A vfnhbwf b jc
fhfuflfudfht,ekb.

LFVNRBWT, F fewkt,kj,f. sndfs,
fhet,j,c A, vfiby (9.1)-bc sfyf[vfl AA' E, fvbnjv

det(AA ') detE,
vfuhfv det(AA ') detA detA*', [JkJj detE 1, fvbnjv
detA detA ' 1.
fv njkj,blfy ufvjvibyfhtj,c, hjv detA 0, th. A
fhfuflfudfht,ekb vfnhbwff.
cfrvfhbcj, f sndfs,

a1 an

a a a
A 21 8 2n

anl anZ ann

fhfuflfudfht,ekb vinhbwff. ufydb[bkjs f[fkb vfnhbwf

AL A A
A A A Ao
A A, A,

cfifw A, fhbc A vfnhbwbc a; tktvtynbc fkut,hekb
Ifvfnt,f (i,j 12..n). A vfnhbwfc tojlt,f A vfnhbwbc

vbrfdibht,ekb (vbfmwbts ehflqt,f bvfc, hjv A vfnhbwfib
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a; tktvtynbc flubkpt lufc fhf fv tktvtynbc, fhfvtl a,
tktvtynbc fkut,hekb Ifvfnt,f A)).

Ifdfvnrbwjs, hjv

B 1a, (9.2)

cfifw det A, fhbc A vfnhbwbc it,heyt,ekb vfnhbwf. A
If B vfnhbwt,bc yfvhfdkb fqdybiyjs C-sb. se B [b],

C [c;], vFiby

If

" "o 1" .
ay by a—A, — aA,  (0,] 12..n).

k1 k1 k1

se ufdbsdfkbcobyt,s BItnthvbyfynbc vt-2 If vt-3

C;

sdbct,t,c, vbdbqt,s:

Cii Ay A 1
K1
ki, hywf i j
Cj i Ay — 00
K1
fvhbufl,
L, ¢o i j

S o9 co i j
) J-
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tc ybiyfdc, hjv C [¢;] vfnhbwbc vsfdfh Ibfujyfkpt

viujvb dtkf tktvtynb thsbc njkbf, [Jkj c[df Ifyfhxtyb
yekbc njkbf, th. C  thstekjdfyb vfnhbwff. hflufy

C AB, fvbnjv
AB E.
fyfkjubehfl Ivnrowlt,f njkj,T:
BA E.

fv jhb njkj,blfy ufvjvibyfhtjy,c, hjv (9.2) njkj,bs
ufycfpqdhekb B vfnhbwf fhbc A vfnhbwbc it,heyt,ekb.
hbufl,

1
Al —A. 9.3
det A ©3)

VFUFKBSB 1. dbgjdj s

vfnhbwbc it,heyt,ekb vfnhbwf.
FVJILCYF hflufy

1 3 4
det A 2 8 5 60 0,
4 2 1

fvbnjv A*' vfnhbwf fhct,j,c. dbgjdjs A vfnhbwbc
tktvtynt,bc fkut,hekb Ifvfnt,t,b:




2 1 4 1
A 3 4 17 A 1
1 8 5 1 2
fnt 1 fy
2
A 18
28
Okj
Al 1
60

w
SN
=

1 3
10,
4 2
1 3
2
2 8

§10. ohabd fkut,hek ufynjkt,fsf cbhcntvt,b.

cbentvbe fvj [cyf ufecbec vtsjlbs.

ufydb[bkjs ohabd
cbentvf:

fkut,hek

alle alZ XZ aln Xn bl
aZle aZZ XZ aZn Xn bZ i
alel amz XZ amn Xn bm

ufynj kt,fsf

(10.1)



m x.,%,,..x, ewyj,t,bf, OKJ a,.a,,8,,.0.0,,.-b, wyj,bkb
hbw[dt,b. a; hbw[dt,c tojIt,f rjtabwbtynt,b, [Jkj b, -c
sfdbceafkb otdht,b (i 12,..m;j 12..n). n fhbc ewyj,sf
hbw[db, m ufynjkt,fsf hbw[db. se n m, vfiby cbcntvfc
toj It,f rdflhfnekb.

se (10.1) cbentvbc dtkf sfdbceafkb otdhb b, 0
(i 12,..m), vfiby cbentvfc tojlt,f thsudfhjdfyb.
obyffqvltu 1tvs[dtdfib, tb. hjwf b hbw[dt,c ijhbc thsb
vibyw fhfyek jdfyb hbw[dbf, cbcntvfc tojIt,f
fhfthsudfh jdfyb.

vfufkbsfl, cbcentvf

2x 3y 71 (10.2)
x 2y O

fhbc fhfthsudfhjdfyb.

ufycfpqdht,f. Ifkfut,ek hbw[dsf x! xJ,.,x°
thsj,kbj,fc tojlt,f (10.1) cbcntvbc TFvjyf[ctyb, se
X, X0, x, x3.x, x° xfcvf  (10.1)  chcntvbe jdtk
ufynj kt,fc bubdtj ,fl ufiffmwtdc.

vfufkbsfl, hbw[dsf o dokb (2;1) fhbc (10.2)
cbentvbe fvjyf[ctyb, hflufy x 2, y 1 xfcvf fv chcntvbc
Jjhbdt  ufynjkt,fc  bubdty,fl  uflffawtdc. fldbkfl

Ifdhoveylt,bs, hjv vjwtvek cbcntvfc c[df fvjyf[ctyb fhf
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fmdc. fvfdt Bhjc, pjuflfl, cbcntvfc i1tbh kt,f mjyltc
fvjyflctyst ecfchekj hfjltyj,f. vfufkbsfl,

2§ ;’y OO (103)
cbcntvbe fvjyf[cyt,bf (0;0), (1;1), ( 1; 1), (2,2) If, pjuflfl,
yt,bcvbthb (a,a) cf[bc o dbkb, cflfw a R. fqdybiyjs
bcbw, hjv cbentvfc cfthsjl ith kt,f fh mjyltc fvjyf[ct-

yb. ufkbsfl,

xy 0 (10.4)
x y 1
chentvfc th uffxybf fvjyf[ctyb.
ufycfpqdht, f. se ufynjkt,fsf chcntvfc fmdc thsb
vibyw fvjyf[ctyb, vfc tojlt,f sfdct,flb, obyffqvlitu
itvs[dtdfib, tb. hjwf fhw thsb fvjyf[ctyb fhf fmdc,
cbentvfc toj It,f fhfsfdet,flb.
vfufkbsfl, (10.2) If (10.3) sfdct,flb chcntvt,bf,
Okj (10.4) chentvf fhfsfdct, flbf. yt,bcvbthb

thsudfhjdfyb cbentvf sfdct,flbf, hflufy (0;0; ;0)
Jdtksdbc thbc chentvbe fvjyf[ctyb.

ufycfpqdht,f. jh cbentvfc tojIt,f njkafch (fye
trdbdfkktynehb), se vfsb fvjyf[ctysf cbvhfdktt,b njkbf.

fqdybiyjs, hjv thsb If bvfdt ewyj,t,bc itvwdtkb

yt,bcvbthb jhb fhfsfdct,flb chentvf trdbdflkktynehbf.
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se cbentvbe hjvtkbvt ufynjkt,fc vbdevfnt,s (fy
ufvjdfrkt,s) fvfdt cbcntvbc c[df hjvtkbvt ufynjkt,fc,
ki cbcntvbe Ifyfhxty ufynjkt,t,c ewdktkfl
Ifdnjdt,s, vbdbqt,s vjwtvekb chbcntvbc trdbdfkktyneh
cbentvfe. cojhtl fv sdbet,fc t hlyj,f cbentvbe fvj[cybc
ufecbc vtsjlb, hjvtkcfw eojlt,ty fuhtsdt ewyj,sf

ufvjhbw[dbc vtsjlc. ufecbc vtsjlbc fhch beff, hjv ptvjs
fqybiyekb cf[bc ufhlfmvyt,bs fvjcf[cytkb cbcntvf
Ifud fdc vbc njkafc t.o. cfvres[f cbhcntvfpt.

ufdfhxbjs ufecbc vtsj b vfufkbst,bc vb[tldbs.
VFUFKBSB 1. fvjd[cyfs chcntvf

x 3y 4z 10
2x 8y 5z 16 (10.5)
4x 2y z O

FV JLCYF ufvjdnbw[js x ewyj,b vijht If
vtcfvt  ufynjkt,blfy. fvbcfsdbc vtjht ufynjkt,fc
vbdevfnjs ¢gbhdtkb, ufvhfdkt,ekb 2-pt, [jkj vtcfvt
ufynjkt,fc bctd gbhdtkb, ufvhfdkt,ekb 4-pt:

X 3y 4z 10
2y 3z 4
10y 15z 40.

vbgt,ekb cbcntvbc vtjht ufynjkt,f ufd js 2-pt, [JKj
vtcfvt 5-pt:
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x 3y 4z 10
y 15z 2
2y 3z 8.

ufvjdnbw[js f[kf vtcfvt ufynjkt,blfy y ewyj,bh.
fvbcfsdbe vtcfvt ufynj kt,fc vbdevinjs vtjht,
ufvhfdkt,ekb 2-pt:

x 3y 4z 10
y 15z 2
6z 12.

vbgt,ekb cbcntvbc fvj[cyf eylf Ifdbo js erfyfcrytkb
6z 12 ufynjkt,bs. fmtlfy yfgjdyb vybidytkj,f z 2
itudfmdc vtjht ufynjkt,fib y 15z 2, cfblfyfw dgjekj,s
y ewyj,bc vybidytkj,fc y 1. fvbc itvlitu y 1 If z 2
vbgt,ekb vybidytkj,t,b itudfmdc gbhdtk ufynjkt,fib
x 3y 4z 10, ctblfyfw dgt,ekj,s X ewyj,bc
vybidytkj,fc x 1.

fvhbufl, (10.5) chcntvf sfdct,fIbf If (-1; -1; 2) fhbc
fv cbhcntvbe thsflthsb fvjyf[ctyb.

itdybiyjs, hjv (10.5) cbcntvbc fgybiyekb ufhlfmvyf
ith kt,f xfhothjc vfinhbwekb cf[bs:

1 3 4|10 1 3 4]10
y 2 8 516 ~0 2 3| 4 ~
4 2 11 0 0 10 15| 40
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1 3 4110 1 3 410
~0 1 152 ~0 1 15 2 .
2 3| 8 0 O 6| 12

VFUFKBSB 2. fvjd[cyfs chcntvf

xy z 0
2x y 3z 1 (10.6)
3x 3y 7z 2.

FVJIIL[CYF ufvjdhbw[js x ewyj,b vtjht If
vtcfvt ufynjkt,bify:

xy z 0 xy z 0 xy z 0
2x y 3z 1 3y 52 1 3y 52 1
3x 3y 7z 2 6y 10z 2 3y 52 1

xy z 0
3y 52 1

se z ewyj,c vbdfybzt,s yt,bcvbth z t vybidytkj,fc,
vfiby vtjht ufynjkt,blfy vbdbqt,s y ewyj,bc itcf,fvbc

vybidytkj,fc % y If z ewyj,t,bc vbqt,ekb

vybidytkj,t,b itdonfyjs gbhdtk ufynjkt,fib If dbgjdjs
x ewyj,bc itcf,fvbch wybidytkj.f « % fvhbufl,

yt,bovbthb t  hbw[dbcfsdbc  x % y L

ofhvjflutyc (10.6) cbcntvbc fvjyf[ctyc, t.b. chcntvf
sfdct,fibf If vfc fndc fvjyf[ctysf ecfchekj cbvhfdkt

2t 1 5t 1
—y — t|{t R .
X 3 y 3 |
se t gfhfvtnhc  vbdfybzt,s ufhrdtek  hbw[dbs
vybidytkj,fc, vbdbgt,s chcntvbc ths-ths fvjyf[ctyc.
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vfufkbsfl, gfhfvtnhbc t 1 vybidytkj,fc ittcf,fvt,f
fvjyflctyb (1,21), Oky t 4 vybidytkj,fc fvjyflctyb
G7:4).

VFUFKBSB 3. fvjd[cyfs chcntvf

X y 2z 0
2x 52 5 (10.7)
3x 5y 5z 8.

FVJLCYF vjdfflbyjs cbhcntvbc itcf,fvbch
ufh I fmvyf

X y 2z 0 Xy 2z 0
2X 52 5 2y z 5
3x by 5z 8 2y z 8

ufvjdfrkjs vtcfvt ufynjkt,fc vtjht

Xy 2z 0
2y 7z 5.
0 3

hflufy 0 3, fvbnjv cbcntvf thfsfdct,flbf. fhfsfdct,flb
bmyt,f fuhtsdt fv chcntvbc trdbdfktynehb chcntvf (10.7).
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811. ohabd fkut,hek ufynjkt,fsf cbcntvt,bc
vinhbwekb aghvf. rhfvthbc ajhvekt,b

1. ohabd fkut,hek ufynjkt,fsf cbcntvbc xfothf

If fvj[cyf vfinhbwekb cf[bs. smdfs, vjwtvekbf ohabd
fkut,hek ufynjkt,fsf cbhcntvf

allxl alZ XZ aln Xn bl
alel aZZ XZ aZn Xn bZ i (111)
amlxl amZ XZ amn Xn bm

itvjdbqjs fqybidyf.

all alz aln bl Xl

a, a a b X
A 21 22 2n , b 2 , X 2

aml amZ amn bm Xn

dbgydjs A If x vinhbwfst yfvhfdkb

anX; pX, A Xn

Ay Xy Ay X a,, X
Ax 2171 922”72 2n"n

An Xy 82X, Amn Xy

hflufy Ax cdtn-vfnhbwbc gbhdtkb cnhbmjyb ofhvjflutyc
(11.1) cbentvbe gbhdtkb ufynjkt,bc vfhw[tyf yfobkc,
vtght cnhbmjyb  vtjht ufynjkt,bc vfhw[tyf yfobkc If
f.i., fvbnjv ohabd fkut,hek ufynjkt,fsf (11.1) cbcntvf
ith kt,f itbwdfkjc thsb vfnhbwekb ufynjkt,bs:
Ax b. (11.2)
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se  (X,X,, ,X,) fhbc (11.1) cbcntvbc fvjyf[ctyb, vfiby
cdtn-vfnhbwf

x X X, X (11.3)

bmyt,f vfnhbwekb (11.2) ufynjkt,bc fvjyf[ctyb, If
gbhbmbs, se (11.3) fhbc vfnhbwekb (11.2) ufynjkt,bc
fvjyf[ctyb, vfiby (X, X5, ,X,)  bmyt,f (11.1) cbcntvbc
fvjyf[ctyb.

ufydb[bkjs itvs[dtdf, hjwf cbcentvf (11.1)
rdflhfnekbf, tb. hjwf cbcentvfib itvfdfk ufynjkt,fsf
hbw[db ewyj,sf hbw[dbc njkbf (m n). A vfnhbwf fcts
itvs[dtdfib bmyt,f rdflhfnekb.

STIHTVF 11.1. se detA 0, vfiby (11.2) vfnhbwek
ufynjkt,fc fmdc fvjyf[ctyb, tc fvjyf[ctyb thsflthsbf If
ufybcfpqgdht,f njkj,bs

x A'lb. (11.4)

LFVNRBWT, F stjhtvbc gbhj,bc fkbs

detA 0, fvbnjv fhct,j,c it,heyt,ekb vfnhbwf A ' hflufy
A(A'®) (AAY)b Eb b,

fvbnjv cdtn-vfnhbwf x A fhbc Ax b vfnhbwekb

ufynj kt,bc fvjyf[ctyb.
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Ifdfvnrbwjs, hjv (11.2) vfinhbwek ufynjkt,fc c[df
fvjyf[ctyb fhf fmdc. vfhskfw, dsmdfs x x, fhbc (11.2)
ufynjkt,bc hjvtkbvt fvjyf[ctyb. vfiby itcheklt,f
vinhbwekb njkj,T:

Ax, b.
fv njkj,bc jhbdt yfobkb vfhw[yblfy ufdfvhfdkjs A"’
vifnhbwfpt
A'(Ax,)) A'b. (11.5)

hflufy

At(AX) (A'A)X, EX, Xo»
fvbnjv (11.5)-1fy vbdbqt,s:

x, A'b,
hfw fvjyf[ctybc thsflthsj,fc fvnrbwt,c.
ITLTUB 11.2. se detA 0 , vfiby

Ax 0
vifnhbwek ufynjkt,fc fmdc v[jkj 1 yekjdfyb fvjyf[ctyb
0
x ° 00, ,0".

VFUFKBSB 1. itvitub cbhentvf xfdothjs vfnhbwekb
ajhvbs If fvjd[cyfs:

x 3y 4z 10
2x 8y 5z 16. (11.6)
4x 2y z O
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FVIL[LCYF itvjdbgqjs fqybidyf

1 3 4 X 10
A 2 8 5, X Yo b 16
4 2 1 z 0
hflufy
1 3 4
det A 2 8 5 60 0.
4 2 1

fvbnjv Ax b vfnhbwekb ufynjkt,bc thsflthsb
fvjyfLctybf

2 5 17 10 1
x A 6—10 18 15 3 16 1
286 10 2 O 2

(b[. 89, vfufkbsb 1).

fvhbufl, ohabd fkut,hek ufynjkt,fsf (11.6)
cbentvfc fmdc thsfithsb fvgyf[ctyb x 1, v 1, z 2.

2. rhfvthbc ajhvekt,b. xdty ufdtwfybs ohabd fk-
ut,hek ufynjkt,fsf rdflhfnekb chcntvbc fvj[cybc ths-
ths vtsjlc. F kf ufdtwyjs fv vtsjlbc yfbhcf[tj,fc
rhfvthbc otcc.

smdfs, vjwtvekbf ohabd fkut,hek ufynjkt,fsft
rdflhfnekb chcentvf (11.1) (tb. m n). itvjdbqjs fqybidyf:

a1 8y an
8y ap 8zl
anl anZ ann



Itnthvbyfync  tojlt,f chcntvbc 1tnthvbyfynb.
yt,bcvbthb yfnehfkehb i hbw[dbcfsdbc, cflfw 1 i n,
fqgdybiyjs ,-sb ltnthvbyfynb, hjvtkbw vbbqt,f cbcntvbc

Itnthvbyfynbcfufy, se vbc i-eh cdtnc itdwdkbs
sfdbceafkb otdht,bcfufy itlutybkb cdtnbs:

a1 b, an
|8 822 b, an|
1

anl anZ bZ ann

.-bc  tojlt,f chbcntvbc i-ehb Ifv[vfht [Itnthvbyfynb.
Itdybiyjs, hjv fv Itnthvbyfynbc Ifikfc i-ehb cdtnbc
vb[thdbs fmdc itvltub cf[t:

. bA, b,A, bA, (i 12 ...n), (11.7)
cflfw A, fhbc A vfnhbwbc a,; tktvtynbc fkut,hekb
Ifvint,f (k 12, ..,n).

STJIHTVF 11.3. se (11.1) cbcntvbc Itnthvbyfynb 0,

vfiby cbhentvf sfdct,flbf If vfc fmdc thsflthsb
fvjyf[ctyb:

x, -+, x, —%, .. x5 —.(118)

n

(11.8)-c toj It,T rhfvthbc ajhvekt,b.
LFVNRBWT, F fvjyf[ctybc fhct,j,f If

thsflthsj,f ufvjvlbyfhtj,c obyf stjhtvblfy. bvfdt

stjhtvbc fkbs tc thsflthsb fvjyf[ctyb ufybcfpqdht,f
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(11.4) vfnhbwekb njkj,blfy. se ufdbsdfkbcobyt,s
(11.7)-c, vbdbqt,s:

x Alb
AELn AZn Ann I:)n
-1
Allbl A21b2 Anlbn 1
1 Apb Ayby Anab, 1 z
Alnbl A2nb2 Annbn n _n
th x, 2+, x, %, . X, —L

VFUFKBSB 2. fvjd[cyfs (11.6) cbentvf rhfvthbe
otchbs.

FVJI[CYF fn 60 0. ufvjdsdfkjs Ifv[vfht

1tnthvbyfynt,b:
10 3 4 1 10 4
1 16 8 5 60, , 2 16 5 60,
0 2 1 4 0 1
1 3 10
3 2 8 16f 120
4 2 0
fmtl fy
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e o, . 60, 5 12
60 ’

X —L
60 60

itdybiyys, hjv 112 ithtub Ax 0 cf[bc
thsudfhjdfyb vfnhbwekb ufynjkt,bc itcf[t,
thsudfhjdfyb cbcntvbe itvs[dtdfib ith kt,f
xfvjdf fkb,js itvltub ajhvbs:

ITLTUB 11.4. se ohabd fkut,hek ufynjkt,fsf
thsudfhjdfyb

1% appXp X, 0
21X A% anX, 0
anlxl anZXZ ann Xn 0

chentvbec 1tnthvbyfynb 0, vfiby cbcntvfc fmdc v[jkjl
yekjdfyb fvjyf[ctyb.

812. vfnhbwbc hfyub. stjhtvf ,fpbcehb
vby jhbc itcf[t,
dsmdfs, vjwtvekbf m n hbubc

ay a, &
a a a
A 21 22 2n
aml am 2 amn

vinhbwf If yfnehfkkehb k hbw[db, hjvtkbw fh fgtvfnt,f
m If n hbw[dt,blfy ewbhtcc (k m, k n). itdfhxbjs
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vfnhbwbc yt,bcvbthb k cnhbmjyb If yt,bcvbthb k cdtnb; fv
cnhbmjyt,bc If cdtnt,bc uflfrdtsfpt viujvb
tktvtynt,bcfufy itdflubyjs k-ehb hbubc Btnthvbyfynb.
fcts Itnthvbyfync tojlt,f A vfnhbwbc k-ehb hbubc
vbyjhb.

VFUFKBSB 1. dbgjdjs

3 1 4
A5 2 3 5 (12.1)
7 5 4 9

vfnhbwbc vtjht If vtcfvt hbubc pjubthsb vbyjhb.
FVJLCYF viufkbsfl. Ifdfabmcbhjs gbhdtkb If

vtght cnhbmjyb If gbhdtkb If vtjht cdtnb. fv cnhbmjyt-
,bcf If cdtnt,bc uflfrdtsfpt viujvb tktvtynt,bcfufy
itlutybkb Itnthvbyfynb

2 3

M
s 2

‘ 11

fhbc A vfnhbwbc vtjht hbubc ths-thsb vbyjhb.
fyfkjubehfl, se itdfhxtds, vfufkbsfl, vtjht If vtcfvt
cnhbmjyc If gbhdtk If vtjs[t cdtnc, vbdbqt,s vtjht
hbubc c[df vbyjhc:

dbgjdjs f[kf A vfnhbwbc vtcfvt hbubc vbyjht,b.
fvbcfsdbc cfrvfhbebf Ifdfabmcbhjs vfnhbwbc cfvb cdtnb
(vfnhbwbc cnhbmjyt,bc hbw[db cfvbc njkbf). vfufkbsfl,
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se Ifdfabmcbht,s cdtnt,c, hjvtksft yjvht,bf itcf,fvbcfl
1,23 If 1,2,4, vbdbqt,s vtcfvt hbubc jh vbyjhc:

2 3 1 2 3 4
M, |5 2 30, M, |5 2 5 o0
7 5 4 7 5 9

ufycfpqdht,f. smdfs, A fhfyekjdfyb vfnhbwff.
yfnehfkeh r hbw[dc tojIt,f A vfnhbwbc hfyub, se:

1. A vfnhbwfib fhct,j,c yekbcfufy ufyc[dfdt,ekb thsb
vfbyw r hbubc vbyjhb;

2. A vfnhbwbc dtkf vbyjhb, hjvkbc hbub r-pt vtnbf (se
fctsb fhet, j,c), yekbc njkbf.

A vfnhbwbc hfyub fqgbybiyt,f rankA fy r,
cbv,jkjsb. yekjdfyb vinhbwbc hfyufl vbqt,ekbf hbw[db
0.

ITYBIDYF. vtjht geymnib vj dfybkb gbhj,bc
itcfchekt, kfl cfrvfhbcbf, hjv yekbc njkb b jc dtkf bc
r 1l hbubc vbyjhb, hjvtkbw vjbwfdc yekbcfufy
ufyc[dfdt,ek r hbubc vbyjhc.

VFUFKBSB 2. dbgjdjs (12.1) njkj,bs vjwtvekb A
vfnhbwbc hfyub.

FVJILCYF hflufy fhct,j,c A vfnhbwbc vtjht
hbubc yekbcfufy ufyc[dfdt,ekb vbyjhb M™M,, [JkJj vbcb
itvwdtkb vtcfvt hbubc dtkf vbyjhb yekbc njkbf, fvbnjv
r, 2.
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STIHTVF 12.1. vifnhbwbc hfyub th itbwdkt,f se:
1. vjdf[Itys vfnhbwbc nhfycgj bht,fc;
2. vjdf[Itys vfnhbwbc cnhbmjyt,bc (cdtnt,bc)
ehsbthsuflfyfwdkt, fc;
3. cnhbmjybc (cdtnbc) dtkf tktvtync ufdfvhfdkt,s
yekbcfufy ufyc[dfdt,ek thscf I bvfdt yt,bcvbth hbw[dpt;
4. cnhbmjybc (cdtnbc) dtkf tktvtync vhdevfnt,s c[df
cnhbmjybc (cdtnbc) itcf,fvbc tktvtync;
5. fvjdikbs yekjdfy cnhbmjyc (cdtnc).

fv stjhtvbc vfhst,ekj,f ufvjvibyfhtj,c
1tnthvbyfynbc sdbct,t,blfy.

dbgjdjs fv otcbs (12.1) njkj,bs vjwtvekb A
vfnhbwbc hfyub. fvbcfsdbc A vfnhbwbc vtcfvt cnhbmjyc
vbdevfnjs gbhdtkb If vtjht cnhbmjyt,bc fvb If vbgt,ek
vinhbwfib fvjdifkjs yekt,bcfufy itlutybkb vtcfvt
cnhbmjyb:

3 1 4 23 1 4 5
2 3 5~52 3 65~
7 5 4 9 00 0 O

hflufy vbqt,ekb vfnhbwbc hfyub 2-bc njkbf, fvbnjv 2- bc
nj kb bmyt,f fuhtsdt A vfnhbwbc hfyub, tb.r, 2.

ufycfpqdht,f. smdfs, rank A r 0. vfnhbwbc bv r
hbubc vbyjhc, hjvtkbw ufyc[dfdt,ekbf yekbcfufy, tojlIt,f
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,fpbcehb vbyjhb, vfnhbwbc #tcf,fvbc cnhbmjyt,c
,fpbcehb cnhbmjyt,b, cdtnt,c rb ,fpbcehb cdtnt,b.

ITYBIDYF. vfnhbwc 1ith kt,f mjyltc hfvitybvt
,fpbcehb vbyghb (If itcf,fvbcfl, ,fpbcehb cnhbmjyt,bc If
cdtnt,bc hfvitybvt chcntvf).

viufkbsfl, fhbc (12.1) vfnhbwbc

‘2 3‘ ‘2 1‘
,fpbcehb vbyjht,b; gbhdtkb ,fpbcehb vbyghbc itcf,fvbch
,fpbcehb cnhbmjyt,bf:

23 1 4 If 52 3 5,

[Ikj .fpbcehb cdtnt,bf:

It 2 .
smdfs,
all alZ aln
al aZl , az aZZ , ,an aZn
aml amZ amn
cdtn-vfnhbwt, bf.
lal 2a2 nan

ufvjcf[ekt,fc, cflfw 1r e yt,bcvbthb  yfvidbkb

hbw[dt,bf, tojlt,f a,a,..a, cdtn-vfnhbwt,bc ohabdb

rjv,byfwbf.
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se fhct,j,c a,a,,..a, cdtn-vfnhbwt,bc bctsb

ohabdb rjv,byfwbf, hjvtkbw yekjdfyb cdtn-vfnhbwbc
nj kbf, tb.

& ,a, .8, 0, (12.2)
Oki . .. . hbw[dt,blfy thsb vfoyw ufyc[dfdt,ekbf
yekbcfufy, vfiby a,a,,..a cdtn-vfnhbwt,c tojlIt,f
ohabdfl Ifvjrblt,ekb. obyffgvitu itvs[dtdfib, tb. se
(12.2) njkj,f cheklt,f v[jkjl \vfiby, hjwf
L . 0, a,a,,.,a, cdtn-vfnhbwt,c tojIt,f

ohahdfl  Ifvjerblt,tkb. jdtkbdt tc cbn df-cbn dbs
ith kt,f ufdovtjhjs cnhbmjy-vfnhbwt,bcsdbc.

fldbkb vbcf[dthhbf, hjv se a,a,..a, cdtn-
vinhbwt,blfy (cnhbmjy-vfnhbwt,b1fy) ths-thsb
ofhvjflutyc [Ifyfhxtyt,bc ohabd rjv,byfwbfc, vfiby tc
cdtn-vfnhbwt,b (cnhbmjy-vfnhbwt,b) ohabhdfl

Ifvyrblt,ekbf (b[.Il yfo.). w[flbf, yt,bcvbthb vfnhbwbc
cdtnt,b itudb kbf ufydb[bkjs hjujhw cdtn-vfnhbwt,b,
O kjJ cnhbmjyt,b  hjujhw cnhbmjy-vfnhbwt,b.

STJIHTVF 12.2 (,fpbcehb vbyjhbc itcf[t,). vfnhbwbc

,fpbcehb cnhbmjyt,b (cdtnt,b) ohabdfl BIfvjerblt,tkbf,
[Ikj vfnhbwbc yt,bcvbthb cnhbmjyb (cdtnb) ,fpbcehb
cnhbmjyt,bc (cdtnt,bc) ohabd rjv,byfwbfc ofhvjflutyc.
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ITLTUB 12.3. vfnhbwbc ohabdfl [Ifvjerblt,tk
cnhbmjyst (cdtnsf) vimcbvfkehb hfjltyj,f vfnhbwbc
hfyubc njkbf.

813. rhjytrth - rfgtkbc stjhtvf

ufydb[bk js ohabd fkut,hek ufynjkt,fsf chcntvf

allxl alZ XZ aln Xn bl
alel aZZ XZ aZn Xn bZ i (131)
amlxl amZ XZ amn Xn bm

se chentvf rdflhfnekbf (tb. m n) If vbch
1tnthvbyfynb 0, vfiby cbcntvbc fvj[cyf i1tbh kt,f
rhfvthbc ajhvekt,bc cfiefkt,bs. vfuhfv se 0 fy,
pjuflfl, cbcentvf fh fhbc rdflhfnekb, vfiby rhfvthbc
ajhvekt,c dth ufvjdb tyt,s. fcts itvs[dtdfib ith kt,f

docfhut,kjs, vfufkbsfl, ufecbc vtsjlbs (b[. §10). fm
ufdtwyj,bs ohabd fkut,hek ufynjkt,fsf chcntvbe
ufvjrdktdbc If fvj[cybc c[df [th]c.

(13.1) cbcentvbe rjtabwbtynt,bcfufy itlutybk

all alZ aln
A aZl aZZ aZn
aml amz amn
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vfnhbwfc toj It,f chcntvbc vinhbwf. A vfnhbwfc, hjvtkbw
vbbqgt,f cbcntvbc sfdbceafkb otdht,bcufy it utybkb
cdtnbc vbothbs, cbentvbe ufathsjt,ekb vinhbwf toj It,T:

a1 ay, by
— a, a a,, b
A 21 922 2n D2
aml amz amn I:)m

hflufy A vfnhbwf A  vfnhbwbcfufy vbbqt,f cdtnbc
Ifvfntbs, fvbnjv A vfnhbwbc hfyub bmyt,f fy A vfnhbwbc
hfyubc nj kb, fy vfcpt thsbs vtnb, t.b.
ry Iy - (13.2)

STIHTVF 131 (rhjytrth-rfgtkb). bvbcfsdbc, hjv
ohabd fkut,hek ufynjkt,fsf (13.1) cbcntvf b jc
sfdct,flIb, fewbkt,tkbf If cfrvfhbch, hjv fv chcntvbe
ufafhsjt,ekb A vfnhbwbc hfyub cbcntvbc A vfnhbwbc
hfyubc njkb b jc.

LFVNRBWT, F.itvjdbgjs faybidyf

V, Ay 8y .. @y ', V, a8, @y .. Ay

V, @, @y .. &, ., b b b, .. b, .

Ohabd fkut,hek ufynjkt,fsf (13.1) cbcntvf xfdothjs
itvitub cf[bs:

XV, X,V X,v, b. (13.3)

103



fewbkt, kj, f smdfs, cbhentvf (13.1)
sfdct,fibf It ., .., , Tfhbc fv cbcntvbc ths-thsb
fvjyflctyb. vfiby (13.3) -bc sfyf[vfl,

b v, Lv, Vo
tb. A vfnhbwbc ,jkj b cdtnb ofhvjflutyc Ifyfhxtyb
cdtnt,bc ohabd rjv,byfwbfc. mtlfy
ufvjvlbyfhtj,c, hjv Ifvfnt,bsb b cdtnb A vfnhbwbc
ohahdfl Ifvjerblt,tkb cdtnt,bc vfmchbvfkkeh hbw[dc fh
ufphlbc. tc ybiyfdc (b[. ithtub 12.3), hjv
g Ta-

se (13.2)-c ufdbsdfkbcobyt,s, vbdbqt,s Ifcfvnrbwt,tk
njkj,fc
N I’K.

cfrvfhbcj, f sndfs,

O
(r 0, hflufy A 0) If v,,v,,...,v, fhbc A (If A) vfnhbwbc

,fpbcehb cdtnt,b. vfiby A vfnhbwbc jdtkb cdtnb If vfs
ijhbc b cdtnbw, ofhvjflutyc fv ,fpbcehb cdtnt,bc ohabd
rjv,byfwbfc, t.b.
b v, LV, AT Ve Ov, g Ov,.

fmthfy (13.3)-bc ufsdfkbcobyt,bs ufvjvlbyfhty,c, hjv
0, ,0 fhbc (13.1) cbcntvbe ths-thsb

11 21 [

fvjyflctyb If, viifcflfvt, chcntvf sfdct,fibf.
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itvitub stjhtvf b ktdf cbcentvbe fvjyf[ctybc
gjdybc fkujhbsvc vbcb sfdct,flj,bc itvs[dtdfib.
STIHTVF 13.2. se

cfifw n ewyj,sf hbw[dbf, vfiby (13.1) cbcntvfc fmdc
thsflthsb fvjyf[ctyb. se

r, r rn,
vfiby (13.1) chcntvfc fmdc fvjyf[ctyst ecfchek]j cbvhfdkt,
fvfcsfy, n r ewyj,sf vybidytkj,f ith kt,f itbhxtc
yt,bcvbthfl.

LFVNRBWT, F smndfs, ,fpbcehb vbyjhb
ufykfut,ekbf A vfnhbwbc vfhw[tyf ptlf res[tib. vfiby
vfnhbwbc gbhdtkb r cnhbmjyb

(a, a, an,),

(a,, ay a,,),

(a, a, an)
bmyt,f ,fpbcehb, [Jkj Ifyfhxtyb m r cnhbmjyb

(a, 4 a a 1)

(a, 1 & » a, ,n)

@ an ) -
ofhvjflutyc vfs ohabd rjv,byfwbfc (styhtvf 12.2). fmtify

ufvyvibyfht, (13.1) cbcntvfib ith kt,f Ifdnjdjs v[jkjl
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ghhdtkb r ufynjkt,f, hflufy Ifyfhxtyb m r ufynjkt,f
ofhvjflutyc vfs itltuc:

1% appXy X, by
1% AxX; anX, b,
arlxl arZXZ arn Xn I:)r

vbgt,ekb chcntvbc vihw[tyf yfobkib Ifdnjdjs v[jkjl bc
itcfrht,t,b, hjvtksf rjtabwbtynt,b flutyc ,fpbceh
vbyjhe, [Jkj dtkf [Ifyfhxtyb uflfdbnfyjs vfh dtyf

yfobkih:
allxl alZ XZ alr Xr bl alr 1Xr 1 aln Xn
a21X1 aZZ XZ aZr Xr bZ aZr 1Xr 1 aZn Xn i (134)
al’lxl al’ZXZ al'l' Xl’ bl’ al'l' IXI' 1 arn Xn

vbqgt,ekb cbcentvf ufydb[bkjs hjujhw ohabd fkut,hek
ufynj kt,fsf chentvf x,x,,....x, ewyj,t,bc vbvfhs, [JKj

X ewyj,t,c vbdfybzjs yt,bcvbthb hbw[dbsb

'
vybidytkj,t,b. fctsb cbhentvbe Itnthvbyfynb A
vfnhbwbc ,fpbcehb vbyjhbc njkbf, fvbnjv oilf
cbentvfc fmde fvjyflctyb. x,x,,...x, ewyj,t,bc itcf,fvbch
vybidytkj,t,b ith kt,f dbgjdjs rhfvthbc ajhvekt,bc
cfiefkt,bs.

Ifvnrbwt,ekb stjhtvblfy ufvjvibyfht,
thsudfhjdfyb cbcentvbe itvs[dtdfib itltut,b ith kt,f
xfvjdf fkb,js itvltub cf[bs:
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ITLTUB 13.3. bvbcfsdbc, hjv ohabd fkut,hek
ufynj kt,fst thsudfhjdfy cbhcntvfc mjyltc fhfyekjdfyb
fvjyf[ctyb, fewbkt,tkbf If cfrvfhbcb cbhcntvbc vfnhbwbc
hfyub yfrkt,b b jc ewyj,sft hbw[dpt;

ITLTUB 134. se thsudfhjdfyb cbcntvbe
ufynj kt,fst hbw[db ewyj,sf hbw[dpt yfrkt,bf, vfiby
cbentvfc fmde fhfyek jdfyb fvjyf[ctyb;

ITLTUB 13.5. bvbcfsdbc, hjv rdflhfnek thsudfhjdfy
cbentvfc mjyltc fhfyekjdfyb fvjyf[ctyb, fewbkt,tkbf If
cfrvfhbcb fv cbcntvbc Itnthvbyfynb b jc yekbc njkb.

VFUFKBSB 1. ufvjdbrdkbjs chcentvf

2x 3y z 4u 2
55 2y 3z 5u 5 (13.5)
7x 5y 4z 9u 7

If sfdct,flj,bc itvs[dtdfib dbgjdjs cbentvbec dtkf

fvjyf[ctyb.
FVIJ[CYF
A 2 5, A 2 5

hjujhw erdt ufdfhrdbts (b[. 812, vfufkbsb 2)
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If

‘2 3‘ fhbc A vfnhbwbc ths-thsb ,fpbcehb vbyjhb.

hflufy fv vbyjhbc itwdtkb A vfnhbwbc vtcfvt hbubc
vbyjhb

fvbnjv
t.h.

viifcflfvt, (13.5) chentvf sfdct, FIbf.

Ifdnjdjs fv chentvfib v[jkjl bc ufynjkt,t,b,
hjvtksft rjtabwbtynt,b flutyc A vfnhbwbc ,fpbceh
vbyjhc If uflfdothjs vbqt,ekb chcntvf itvlitub cflbs:

2x 3y 2 z 4u
5x 2y 5 3z 5u

vbdfybzjs z If u sfdbceafk ewyj,t,c yt,bcvbthb z | If
u , hbw[dbsb vybidytkj,t,b If fvjd[cyfs vbgt,ekb
cbentvf rhfvthbe ajhvekt,bs:

2 3 2 4, 3
11, L o2 7,7, 1
5 2 53,5, 2
2 2 4
) ol 10,
553,5),
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7
MR U AU S A S
11 11 11
, 2 a0, 1 10
11 11 ' 11 2

fmtlfy ufvjvlbyfhty,c, hjv (13.5) cbcntvfc fmdc
fvjyf[ctysf ecfchekj cbvhfdkt:

7

11 ' 11 ?

1 10

= 2 R.
EETIER TR vz
z 1
u 2

tc cbvhfdkt ith kt,f xfbothjc fuhtsdt fctsb cf[bs:

1 10

S kg le . Ro19

chentvbc hjvtkbvt rjyrhtnekb fvjyf[ctybc vbcfqt,fl
(13.6) -ib  cfrvfhbchf fdbqjs L If , hbw[dt,bc
rjyrhtnekb vybditykj,t,b. vfufkbsfl, hjwf , 1 If
, 1, (13,6)-1fy vbdbgt,s (13.5) chcntvbc ths-ths rth j
fvjyf[ctyc 1, 1 1 1.
itdybiyjs, hjv chcentvbe fvjyf[ctysft (13.6)
cbvhfdktc ith kt,f vbdwts c[dfifc[df cf[t. vfufkbsfl,
se i1tvjdbgt,s fqybidyt,c , 11, , 1, (t,,t, R), vfiby
fqybiyekb cbhvhfdkt xfbotht,f itvitub cf[bs:

T, Tt 1t 10t,, 11,11, |t,t, R. (13.7)
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814. vfnhbwsf fkut,hbc pjubthsb ufvj tyt,bc
itcf[t, (tktmnhjohtlbc fyfkbpb)

Ifde,heylts §87-ib ufy[bkek fvjwfyfc f(t)
cbuyfkbc fghjmcbvfwbbc itcf[t, vtjht [fhbc[bc
vhfdfkotdhbs. hflufy

iy

1t
T 1t
1t

~
—
N

vfnhbwbc Itnthvbyfynb fhbc dfylthvjylbc Itnthvbyfynb
(b[. 88), fvbnjv detT 0 (itltub 8.2) If (7.9) cf[bc dtkf

vifnhbwek ufynjkt,fc fmdc thsflthsb fvjyf[ctyb.
VFUFKBSB 1. vjdf[lbyjs f() cos  t cbuyflkbc
fghjmcbvfwbf [-1,1] iefktlib vtjht [fhbc[bc
p(t) a, at a,t? vhfdfkotdhbs.
FVIJ[CYF fdbgjst, 1 t O t, 1.vfiby
f(t,) f( D cos( E) 0,
f(t,) f(0) cosO 1,
ft,) f@ cosE 0.

fvbc itcf,fvbcfl, (7.7) chentvf vbbgt,c itvltu cf[tc:

a, a a, 0
a, 1.
a, a, a, 0
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fmtlfy fldbkfl vbdbgt,s cf bt,tkb vhfdflkotdhbc

rjtabwbtynt,c a; 1, a 0, a, 1.
fvhbufl, [-11] iefktlib f() COSEt cbuyfkb

vbf[kjt,bs ith kt,fb jc ofhvjlutybkb vtjht [fhbc[bc
vhfdfkotdhbs p@t) 1 t° (yf[. 14.1):

cos—t 1 t2.
2

yf[. 14.1

fI[kf ufydb[bkjs vfnhbwsf fkut,hbc ufvj tyt,f

tktmnhjohtlbc fyflkkbpbcsdbce. cbvfhnbdbcsdbc,

itvjdoafthukjs itvitub rjyrhtnekb cmtvbs, hjvtkbw cfvb
xfrtnbkb rjynehbcufy itlut,f:
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yf[. 14.2
rbh[ jabc gbhdtkb otcbc sfyf[vfl, ufyinjt,ekb
tktmnhjohtlbc yt,bcvbthb rdfy bcfsdbc Itysf fkut,hekb

fvb yekbc njkbf, tb.
I, 0  (k&aice 1)

I, 1, 1y 0  (éaaite 2) (14.1)
I, 1, Ig 0  (¢4aile 3)
I, I, 1, 0  (b&ile 4)
fmtlfy
|3 Il IZ
(R P (14.2)

rbh[ jJabc vtjht otcbc sfyf[vfl, tktmnhjohtlbc
yt,bcvbthb xfrtnbkb rjynehbc wfkrtek e,yt,pt f,dbc
dfhlyfsf  fkut,hekb fvb itcf,fvbc o fhjsf
tktnnhjvfvj hfdt,tkb fkt,bc fkut,hekb fvbc njkbf.
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jvbc rfyjybc ufsdfkbcobyt,bs fmthfy vbdbqt,s:
R, R,I; Rl E;
Rl Rl, RI, E E, (14.3)
R, R, Rl, E, E,.
VFUFKBSB 4. dsmdfs,

R, 15;R, 1R, 1;R, 2 ;R, 2 ;R, 1 ;E O7v;E, 12y,
E, 03v; E, 03v. dbgjdys 1,1, 1, 1,1, 1.

FVJIL[CYF uflfdothjs vbqt,ekb (14.3) cbcntvf
itvitub cf[bs:

I, 21, 2I, 03
151, 1, 1, 19
I, 1, 21, 09.

(14.2)-bc ufsdfkbcobyt,bs fmtlfy vbdbqt,s:

21, 51, 21, 03
151, 1, 1, 19
I, 21, 41, 09.

se fvjd[cybs fv cbentvfc, vbdbgt,s I, 011, 0%

I, 03 (14.2)-1fy itudb kbf ufydcfpqdhjs
I, I BIf 1,-bc vybadytkjy,t,b: 1, 0, I, 02 I, 0.2.
rvhbufl,

I, O1A 1, O1A I, OA 1, O03A l; 02A I, 02A.
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